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LECTURE 1: TINTRODUCTION

This lecture is divided into two parts. 1In the first part I shall try
to provide some motivation for everything that follows. In particular,
I shall try to explain, at'least in an informal way, how chemists and
chemical engineefs arrive at the differential equations they work with and
how these differential equations are tied to reaction network structure.
Once this is done we can begin to understand why a reasonably general theory
of chemical reaction networks is necessary. Moreover, we can begin to
understand why, despite the great complexity of the differential equations
involved, such a theory should even be poséible in principle. 1In the
second part of this lecture I shall discuss the important but more mundane

subject of notation.

1.A. Motivation

Ihese lectures will be about a special but rather large class of
ordinary differential equations — those that derive from chemical reaction
networks. In order that I might provide some sense of how these equations
come about it will be useful.if I write down an example of a reaction net-
work aﬁd indicate informally how it induces a system of ordinary differential
equations. Then I can discuss the kinds of problems we will want to
consider.

Suppose that A, B, C, D and E are chemical species, and suppose 1
believe that the chemical reactions occurring among these species are

reasonably well reflected in the following diagram:

A —=— 2B
A+C — D (1.1)

N

B+E
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What I have writtéen down is a diagram of a chemical reaction network.
It indicates that a molecule of A can decompose into two molecules of B,
tﬁat twb molecules of B can react to form one molecule of A, that a
molecule of A can react with a molecule of C to form a molecule of D,
and so on.

Now suppose that I throw various amounts of my species into a pot.
I am going to presume that the pot is stirred constantly so that its
contents remain spatially homogeneous for all time, and I shall also
suppose that the contents of the pot are. forever maintained at fixed
temperature and total volume. This, of. course, is not to say that the
chemical composition of the mixture within the pot will remain constant
in time, for the occurrence of chemical reéctions will serve to consume
certain species and generate others. In fact it is thé temporal evolution
of the composition that we wish to investigate. With this in mind we
denote the (instantaneous) values of the molar concentrations of the
species by cA(t), CB(t)’.CC(t)’ cD(t) and cﬁ(t), and we abbreviate this
list of numbers by the "composition vector" c(t).* Thus the picture we
are thinking about, at least for the moment, looks something like that

shown in Figure 1.1.7

*A molar concentration, say cp, specifies the number of A molecules per
unit volume of mixture. More precisely, cp is the number of A molecules
per unit volume divided by Avogardro's number, 6.023 x 1023, We shall be
somewhat more precise about what we mean by the "composition vector" in
Section 1.B. . ‘

+The reactor depicted in Figure 1.1 is closed with respect to the exchange
of matter with its environment. Our focus on such reactors is temporary
and is merely intended to illustrate in a simple coritext how chemists and
engineers formulate differential equations based upon a set of reactions
believed to approximate the true chemistry. We will begin to consider
"open" reactors in the next lecture (Section 2.E). There we shall indicate
how open reactors can be modelled in terms of reaction networks and how the
appropriate differential equations, like those for closed reactors, bear a
definite relationship to reaction network structure.
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G, Ca®, Gt Colt),Ce )

Figure 1.1

We would like to write down differential equations that describe the
evolution of the five molar concentrations. Since chemical reactions are
the source of composition changes, the key to understanding how to write
down differential equations lies in knowing how rapidly each of the several
reactions occurs. What is generally assumed is that the instantaneous
occurrence rate of each reaction depends #n its own way on the instantaneous
mixture composition veétor, c. Thus, we presume, for example, the existence
a+2p(") such that 7Z.A-*ZB(C)
is the instantaneous occurrence rate of reaction A 2B (per unit volume

of a non-negative real-valued rate function X

of mixture) when the instantaneous mixture composition is given by the
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Fok .
vector c. Similarly, we presume the existence of a rate function

7& (*) fof the reaction 2B-+A, a rate function * (*)  for

2B +A A+C~>D
the reaction A+C-+D, and so on. A kinetics for a reaction network is
an assignment of a rate function to each reaction in the network.
Once we presume that network (l.1) is endowed with a kinetics we are
in a position to write down the system of differential equations that govern
our reactor. Suppose that, at some instant, the reactor is in some composi-
tion state c¢. Let us begin by thinking about the instantaneous rate of

Every time the reaction A +2B occurs we lose a molecule

(c). On the other

change of Cye
of A, and that reaction has an occurrence rate .*CA-+2B

hand, every time the reaction 2B—+A occurs we gain a molecule of A,

and that reaction occurs at rate 7KZB-+A(C)' Similarly, the reactions
B+E + A+C and D*A+C produce a molecule of A with each occurrence, while each
occurrence of the reaction A+C>D results in the loss of a molecule of A.
Thus we write ’

(c) - K

(c) + 7ZZB+A

Oe

=.-ﬂ‘

A->2B (C) + ﬁD‘*A‘*'C(C) + KB'*'E"A‘*'C (C). (1-2)

A A+CSD

If we turn our attention to species B we notice that whenever the
reaction A+2B occurs we gain two molecules of B, and whenever 2B -+A

occurs we lose two molecules of B. When D-B+E occurs we gain one B,

and when B+E *>A+C occurs we lose one B. Thus, we write

¢, =2K

B a2p(® - 2K

() - % (c) (1.3)

() +K B+E2A+C

2B-A D*B+E

Continuing in this way we can write down equations for éC’ &D’ éE to

generate the full system of differential equations that govern our reactor:

*%

More precisely, & (¢) 1is the number of occurrences of A-+2B

A->2B
per unit time per unit volume divided by Avogadro's number.
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eh = " Koo (@ +Eop (@) = K poop(@ + & o+ Kppapic(©)

e = 2K 0500 = 2K5p (@) + K pip(e) - KB+E->A+C(":)

Ec e I O SO, "«B+E+A+c c) (1.4)
¢p = Kpucsp(® = Kppyo(©) = Kppyp(©

g = Kppn(© = Kpipapic(®

Thus far we haven't said anything about the nature of rate functioms,
and that is what we shall do now. More often than not chemists and engineers
presume the kinetics to be of mass action type. With mass action kinetics
one can merely look at a reaction and write down 1its rate function up to a
multiplicative positive constant.

Here is the way things work: For the reaction A-+2B we presume that
the more A there is in the reactor the more occurrences of the reaction
there will be. 1In fact, we presume that the instantaneous occurrence rate
of 'A+2B is proportional to the instantaneous value of T Thus, we write

4

aA»28(S) = %cy s
where o 1s a positive constant.
For the reaction A+C-+D the situation is a little different. An
occurrence requires that a molecule of A meet a molecule of C in the
reactor, and we take the probability of such an encounter to be propor-

tional to the product Although we do not presume that every such

CpCce
encounter yields a molecule of D, we nevertheless take the occurrence

rate of A+C->+D to be given by

X (c) =

A+C +D YCpCec o

where Y is a positive constant. Similarly, an occurrence of the
reaction 2B -+A requires that two molecules of B have an encounter,

and we take
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Ky, (0 =8y’

2B~>A

where B 1is a positive constant.

Thus, with mass action kinetics the rate functions for network (1.1)

take the form

4

a-2ple) = ac

2
Hop 5al0) = Blcp)

7<A+C+D(C) =Y %

Kppe(® = €cp

Kpsarc(® = 8¢
Kpie »arc(® = Eogcg

(1.5)

The positive numbers o, B, Y, €, 6 and £, called the rate constants

for the corresponding reactions, are sometimes estimated on the basis of

chemical principles or else one makes an attempt to deduce them from

experiments. When a reaction network is presumed to be endowed with mass

action kinetics it is the custom to indicate the rate constants (or

symbols for them) alongside the corresponding reaction arrows in the net-

work diagram. Thus for our example we might have a display like that

shown in (1.6).

o
A T—=> 2B

AHC —= D

E\ 6/€

B+E

(1.6)



If we assume mass action kinetics for the network we have been
studying, the appropriate differential equations are obtained by inserting

(1.5) into (1.4):

o 2

cA——acA+ B(cB) = Yeuceo t 6cD+ c’:chE

c. = 2ac, - 2B8(c )2+ gec. - £c

B A B D B°E

cc = =Y eace + 6cD + EchE 1.7)
€y = YCuCe - (6+€)cD

“E

€cy - £ CBCE .

We have arrived at a fairly concrete system of ordinary differential
equations, and we can begin to pose questions about .them. Here are some

of the questions we might like to ask:

(a) Does the system (1.7) admit a positive equilibrium — that is, an

equilibrium at which all species concentrations are positive?

(b) Does the system (1.7) admit multiple positive equilibria (in a sense

to be made precise in the next lecture*)?
(c) Does the system (1.7) admit an unstable positive equilibrium?

(d) Does the system (1.7) admit a periodic (positive) composition

trajectory?

These are not easy questions, and the answers to them might of course
depend on the particular (positive) values taken by the rate constants
o, B, Y, 6, €, and £ . Even if we could answer these questions for all

positive values of the rate constants what would we have accomplished?

*We shall want to know whether there can exist multiple positive equilibria
within a stoichiometric compatibility class. In rough terms a stoichio-
metric compatibility class is a certain set of compositions which remains
invariant under the flow given by (1.7).
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We would have understood one model chemical system fairly well, at least
with respect to certain qualitative issues.

There are, however, thousands of distinct reaction networks that
might, on one occasion or another, command our attention. Each has its
own system of differential equations, perhaps more complicated by far
than the system we have been considering. How, then, are we to proceed?
It is clear that we cannot rely forever on purely ad hoc studies of what-
ever systems might present themselves for examination. Even if we cast
aside the long-term enormity of such an undertaking, there are still two
problems that must be faced in the short run. First, questions of the
kind we have posed will, for the most part, be confronted by engineers
and chemists, not mathematicians. Second, it is by no means clear that

‘ mathematicians, even the most expert, are currently in a position to
provide much help. The fact is that even moderately large systems of
nonlinear differential equations — in particular polynomial systems like
those displayed in (1.7) — remain poorly understood* ig.géneral.

It seems to me that what is required is a rather broad~based theory

of those systems of differential equations that derive from reaction net-

works, a theory which would in some sense cuts across the fine details
of individual problems to provide qualitative information about large

classes of systems all at once. Moreover, we would like the results of

such a theory to be of the kind that engineers and chemists can use

eagsily in addressing questions like those we have posed.

This seems like a lot to ask, and I should try to explain why a
theofy of the kind I have in mind should even be possible in principle.
Although we shall also be interested in the more general situation,
let me temporarily restrict my attention to reaction networks endowed
with mass action kinetics. Thinking back to the source of the system
(1.7), we recall that it derived in a rather orderly way from the

network (1.6). 1In fact, we knew how to write down the appropriate

*
Consider, for example, the remarkable complexity of the seemingly
innocuous Lorenz system [L1], which is composed of three polynomial
ordinary differential equations in three variables.



differential equations (up to values of the rate constants) merely from
inspection of the reaction diagram. Had we begun with a different net-
work we would have arrived at a different system of differential equations,
but again the essential shape of those equations (up to values of the

rate constants) would have derived from the reaction network in a precise
way. Indeed, it is the close connection between reaction network
structure and the shape of the induced differential equations that lends
the subject of chemical reactor theory its coherency.

This is our source of hope. If reactor behavior is determined by a
system of differential equations which, in turn, is determined by the
underlying reaction network in a precise way, then perhaps one can prove
theorems which tie qualitative aspects of reactor behavior directly to
reaction network structure.

Can this in fact be done? I hope that these lectures will help to
demonstrate that one can proceed surprisingly far in this direction. 1In
Lecture 3 I will state two theorems, one of which will immediately answer
all four questions that we posed about the system (1.7). The answers

are yes, no, no, and no; these answers hold for all positive values of

the rate constants o, B, Y, 6, €, ~and E. Moreover, these answers can

be obtained merely from inspection of the reaction diagram (1.6); one need

not even write out the differential equations. The fact is that one can
delineate a large class of networks — some extremely complicated — for
which the corresponding differential equations admit solutions of a very
limited variety, regardless of the (positive) values the rate constants take.
Qur objectives will be rather broad, and I should try to make clear
what these are. Results of the kind I have just described are typical of

those we are after. We seek to classify reaction networks according to

their capacity to induce differential equations which admit behavior of a

specified type. .When we restrict our attention to networks endowed with

mass action kinetics we will not ask, for example, whether the differential
equations for a particular network taken with specified rate constants
admit periodic orbits. Rather, we will ask if the network is such that
the induced differential equations admit periodic orbits for at least one

set of rate constants — that is, if the network has the capacity to
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m n r
It turns out, however, that IR , IR , and IR are somewhat awkward

media in which to work. At the very least these spaces require that we
number everything in sight so that we can speak of the "ith gpecies,"
the "jth reaction," or the neth complex." Thus, we must impose an
artificial ordering on each of the three sets of objects even before we
begin to work, and we must cariy that order around thereafter, suppressing
or rearranging it whenever it becomes intrusive. There is a much better
and far more natural way to do things, and that is what we shall discuss

now.

We denote the real numbers by IR, the positive real numbers by P
and the non-negative real numbers by r .

If T is a set we denote by IRI the vector space of real-valued
functions with domain I . (Addition of functions and multiplication of
a function by a real number are defined in the usual way.) By H’I
[resp., iﬁl ] we mean the subset of IRI consisting of those functions
which take exclusively positive [resp., non-negative] values.

Henceforth in this,section we shall suppose that 1 is a finite
set. In this case if x is a vector in IRI - we shall almost always

use the symbol x, to denote the number that x assigns to 1 ¢ I.

i
If x and y are vectors in IRI we use the symbol xy to denote the

vector in IRI such that

(xy); = x5y, > Viel. (1.8)
v o1 x 1
If x 1is a vector if TR we denote by e the vector of T such
that
X xi
(e, =e”, Yiel. (1.9)

1

For =z ¢ EJ we denote by 1nz the vector of EJ such that

(1n z)i_ = In Z; s Viel. (1.10)
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By the support of x € IRI,(denoted_supp X) we mean the subset of I

assigned non-zero values by x. That is,
supp x: = {i e I: X, # 0}. (1.11)

If J is a subset of I we reserve the symbol Wy to indicate the
characteristic function on J; that is, wJ is the vector of IR such

that

(wJ) (1.12)

In particular, if J is the singleton {j} then w{j} is the vector of

IRI such that

1 if i =7
. = 1.1
(w{J})i ( 3)
0 if i # j
In this case we shall write wj in place of the more formal w{j}'
By the standard basis for IRI we mean the set
I .
{wj e R : jell. (1.14)
*
This practice raises a minor possibility of confusion: While x. is a
number — the value assigned to j € I by x€ Rl — w; is a Vector
in W!. No confusion should result if it is remembered” that a subscripted

w is always a vector. The symbol w will never appear without a subscript.
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1

This set is clearly linearly independent; and, moreover, each x £ IR

has a representation

X = T xjwj . (1.15)
jel

Thus, (1.14) is in fact a basis for IRI , and we have that the dimension
of IRI is just the number of elements in the (finite) set I . Note that,
for JC 1, we have

w = T w, 3 (1.16)
J jeg 3
in particular,
w, = I w, . (1.17)
I jel ]

We define the standard scalar product in IRI as follows: If x and

z are vectors of IRI then

Xez : = L x,z, . (1.18)

Note that, with respect to this scalar product, the standard basis for
IRI is orthonormal. Unless stated otherwise we shall always take IRI
to be endowed with its standard scalar product. Moreover, we shall always
take HJ to be equipped with the usual finite-~dimensional vector space
topology (for example, that given by the norm deriving from the standard
scalar product). '

We now péuse to illustrate how, in very simple examples, vector
spaces of the kind we have been discussing provide perhaps the most

natural media in which to work.
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Example 1.B.1. Let us think again about the homogeneous reactor with

species A, B, C, D and E that we discussed earlier. We denote the set of

species by the symbol,g ; that is,

4 = {a, B, c, D, E}.

At some fixed instant the reactor contents have some fixed composition:
With each species 4 e,é there is associated a (non-negative) molar

concentration ¢ » and we would like to represent that composition state

4
in some vector space. But to say that there is a non-negative number
associated with each species is to say that there is a function c:d >
that assigns to each species its molar concentration. Now ¢ is an
element of TP , which in turn is a subset of the vector space R" .
We need proceed no further; ¢ is the vector we seek.

Suppose our reactor is in composition state c¢ € ﬁ;'é . How might

we interpret supp ¢? Recall that

supp ¢ = {4 e,&: cy # 0}.

Hence, supp ¢ 1is just the set of species present in the reactor when

the reactor is in composition state c € IP7 .

Example 1.B.2. Let A denote the set of reactions in network (1.1).

That 1is,

R = {A*2B, 2B+A, A+C*D, D*A+C, D*B+E, B+E*A+C}.

Now suppose that the network is endowed with mass action kinetics so that

with each reaction there is associated a (positive) rate constant, and

suppose also that we would like to have available a "vector of rate constants."
To say that with each reaction there is associated a positive rate constant

is to say that there is a function k:A >+ . Thus k is an element of

H’ﬂ', which in turn is a subset of the vector space IR‘l. In this sense

we have immediately that k is a vector of rate constants.
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There is one final matter of notation we need to consider. Suppose

that I is a (finite) set and that

{wi e®:ie 1)
is a standard basis for ]RI . When the set T carries no algebraic
structure it is sometimes the custom to replace the symbol wi by 1
itself. (See, for example, pp. 197-199 of [NSS or pp.240-241 of [L2].)
Thus, the symbol 1i+j becomes an abbreviation for the vector wi + w, € ]RI.

I

Similarly, 2j becomes an abbreviation for the vector Zu)j e R .

We shall adopt this convention when (and only when) the set in question

is the set ,é of chemical species. Thus if, as in our example,

A‘ = {A,B,C,D,E} » we can regard the symbol A+B as an abbreviation for
Wy + wp € ]R'& , the symbol 2B as an abbreviation for 2wB € IRJ, and
so on. In this way we can regard what we have called the complexes of
a network — 2B, A, A+C, D, and B+E in network (1.1) — as vectors iu
R 4 (and, in particular, as vectors in ﬁl ). This view will permit
an easy transition between our formal definition of a reaction network
(given at the beginning of the next lecture) and the portrayal of a net-

work in its usual diagrammatic form.

* ,
In this way we develop what is sometimes called the vector space of
formal linear combinations of elements of I.



1aken from a scanned copy of “Lectures on Chemical Reaction Networks,” given by
Martin Feinberg at the Mathematics Research Center, University of Wisconsin-Madison

in the autumn of 1979.

LECTURE 2: REACTION NETWORKS, KINETICS, AND THE INDUCED DIFFERENTIAL
EQUATIONS

In the first three sections of this lecture we'll make precise some
of the ideas that were introduced casually in Lecture I:- Section 2.A
contains our definition of a reaction network along with a small amount
of auxiliary terminology. In Section 2.B we introduce the notion of a
kinetics for a network, and we discuss mass action kinetics as the
archetypical example. In Section 2.C we indicate in vectorial terms how
a reaction system — that is, a reaction network endowed with a kinetics —
induces a system of differential equationms.

In Section 2.D we begin to examine some elementary connections between
solutions to the differential equations for a reaction system and the
structure of the underlying reaction network. These connections are hardly
deep, but our awareness of them will heip set the stage for the statement
of substantive theorems in the next lecture.

Our discussion in Section 2.E is intended to illustrate how the mathe-
matical framework erected in Sections 2.A-2.D is sufficiently broad as to
embrace certain "open'" reactors which, unlike the "closed" reactor depicted
in Figure 1.1, exchange matter with the external world. The basic idea is
that the influx and efflux of specieé can be taken into account by incor-
porating in a reaction network certain "funny" reactions like A =+ 24,

0 > A ("zero reacts to A") or A > 0 ("A reacts to zero"). The discussion
in Section 2.E should make clear not only why it makes sense to study

seemingly peculiar reaction networks but also why it is essential that we

do so.

2.A. Reaction Netwonks

Before placing on record our definition of a reaction network I want
to recall and expand upon some ideas discussed at the end of Lecture 1.
We shall regard a network to be specified by‘its set ,3 of species, by

its set S; of complexes, and by a ''reacts to" relation K that indicates
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how the complexes are joined by reaction arrows. Recall that the complexes
of a network are just the entities that appear at the heads and tails of
the reaction arrows — A, 2B, A+C, D and B+E in network (1.1). Recall
also that, in the sense of the discussion at the end of Lecture 1, we regard
the complexes to be vectors in IR . (In particular, they lie in P ¥ .)
Thus, it makes sense to add two complexes, to subtract one complex from
another, to multiply a complex by a number, and to take the scalar product
of a complex with any other vector of IR . Moreover, it makes sense to
speak of the support of a complex. For example, supp(A+B) = {A,B} ,
supp(2B) = {B}, supp(a) = {A}, and so on. Loosely speaking, the support
of a complex is just the set of species that "appear in" that complex.

We shall always use symbols like y, y' or y" to designate complexes in a

reaction network.

*
Definition 2.1. A chemical reaction network consists of three sets:

(i) a finite set ; » elements of which are called the species of
the network.

(ii) a finite set § of distinct vectors in P © such that

U suppy = 4 .
yeg
Elements of § ~are called the complexes of the network.
(i1i) a relation A< & x% such that
(a (v,v) ¢R, VYvep .
(b) For each y € there exists a y' e€§ such that
(y',y) € R or such that (y,y') e .

Elements of A are called the reactions of the network. For
each (y,y") t—:ﬂ, we say that complex y reacts to complex y',
and we write the more suggestive y + y' in place of (y,y') if
and only if y reacts to y'. The vector y [resp., y'] is called

the reactant complex [product complex] of the reaction y + y'.

*The definition of a reaction network given here is similar to but a little
more restrictive than that given by Horn and me in [FH2 ].
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Example. For network (1.1)
& {a,B,C,D,E}
[~ {A, 2B, A+C, D, B+E}CC TP
K = {A+2B, 2B+A, A+C>D, D~>A+C, D+B+E, BHE »A+C}.

i

"

Remark 2.1. The restriction imposed in item (ii) of Definition 2.1 merely
requires that each element of A& "appears in" at least one complex; that
is, A; contains no superfluous species. The conditions imposed in (iii)
assert, first, that no complex reacts to itself and, second, that no complex
is "isolated": each element of & 1is the product complex of some reaction
or is the reactant complex of some reaction. (A complex can, of course, be

the product complex for one reaction and the reactant complex for another.)

Remark 2.2. We shall reserve the symbol n to denote the number of complexes

in a given network.

Remark 2.3. The component Y (corresponding to species 4 eﬁg) of the vector

y € & 1is usually called by chemists the stoichiometric® coefficient of species
4 1in complex y.' For example, in the complex A+C of network (1.1) the stoichio-
metric coefficient of A is one, the stoichiometric coefficient of C is one, and
the stoichiometric coefficients of B, D, and E are zero. In the complex 2B

the stoichiometric coefficient of B is two, and the stoichiometric coefficients
of A,C, D and E are zero. For y € { we note that suppy is the set of all

species with non-zero stoichiometric coefficient in the complex y.

*Ugly though it is, the word "stoichiometry" has come to occupy an important
place in the vocabulary of chemists and chemical engineers. Rutherford

Aris, who knows about these things, traces the word back to its Greek roots —
in fact, back to Plato's discussion of the material elements. He (Aris, not
Plato) asserts, '"Stoichiometry literally means the measurement of the
elements but the word is commonly used to refer to all manner of calcula-
tions regarding the components of a chemical system... Stoichiometry is
essentially the bookkeeping of the material components of the chemical
system." [ A ] We shall use the word in this last sense.



2.B. Kinetics

We introduced the notion of a kinetics for a reaction network in an
informal way in Lecture 1. Here we shall be a little more precise about

what we mean.

Definition 2.2, A kinetics for a reaction network {} ,4 ,R/} is an assign~

ment to each _.reaction y + y' € K of a continuous rate function

Ky-*y': Eg

+ P such that

X

y-*y'(c) >0 if and only if supp y(C supp c. (2.1)

Interpretation: In the context of Lecture 1 Xf y-*y'(c) was the occurrence

rate of the reaction y-+y' when the (spatially homogeneous) coﬁtents of the
reactor under study had composition ¢ € iz . There we required only that
the rate functions take non-negative values. In condition (2.1) we go a
little further by delineating those ¢ ¢ i3 for which the function

£,
suppy is just the set of species appearing in the reactant complex vy.

(Thus for A+C~=+D, supp(A+C) = {A,C}.) Roughly speaking, suppy is the

y,(-) takes positive values. Note that, for the reaction y=+y',

set of "ingredients" required for the occurrence of y-=+y'. On the other
hand, if c e TP is the instantaneous composition state of the mixture,
then supp ¢ is the set of species which are actually present in the
reactor. (Recall Example 1.B.1.) In rough terms, then, (2.1) says this:
Reaction y +y' proceeds at non-zero rate (however slowly) if and only if
the species appearing in the reactant complex y are actually present in
the reactor. (For example, A+C +D proceeds at non-zero rate if and only

if Cp # 0 and e # 0.)
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Remark 2.4. Note that for strictly positive ¢ — that is, for c € TP —

we have suppyC suppc for all y ¢ (; . Thus, for c ¢ IP/S/ we have

8

y-*y'(C) >0 for all y->y' e R , (2.2)

which is to say that all reactions are "switched on".
In fact, we can describe somewhat more general circumstances under which

(2.2) holds. By way of example consider the network

A+B2ZC->D. (2.3)

From (2.1) it follows that (2.2) will hold if and only if c e P '& is such

that and ¢, are positive, even when c¢_ = 0. The key idea here is

€A’ B C D
that all reactions will be switched on if and only if all species appearing

in reactant complexes are present in the reactor.

Let {J , ,IQ‘} be a reaction network. We denote by ;Zr the set

of reactant complexes in the network:

§r: = {y Ef : There exists y-=+y' e &} . (2.4)

Moreover, we denote by j r the set of reactant species — that is, the

set of those species that appear in reactant complexes:

}r: = U suppy . (2.5)
yeE,

Then (2.2) will hold if and only if c € T is such that

,ngsupp c . (2.6)

A

Note that, for c e IP , (2.6) holds so that (2.2) holds as well.



Remark 2.5. I should say a few words about the role that condition (2.1)
in Definition 2.2 will eventually play. We shall see in Section 2.C how
the "only if" part of (2.1) guarantees that the differential equations we
shall study have the natural property that, for each 4 e,& s &4 20
whenever c, = 0 . The "if" part of (2.1) will usually play a role through
Remark 2.4, which characterizes the set of compositions at which all reactions
proceed at non-zero rates. In such instances readers should be able to see
how the "if" part of (2.1) can be dropped, provided that the set of composi-
tions satisfying (2.6) is replaced by the set of compositions satisfying
(2.2). To some extent condition (2.1) amounts to a convenience which pre-
cludes the necessity for a more "fussy' treatment.

I should perhaps also mention that there is a way of doing business
somewhat different from the one we are employing here. Instead of positing
a "reacts to" relation at the outset one can instead begin with rate functions
and use them to define a "reacts to" relation at each c € TP . In rough
terms, one specifies /E and ? , and then one associates a real-valued
rate function K(y,y')(.) on TP ; with each element (y,y') € § X & .
These functions need not satisfy a condition such as (2.1) and, in fact,
some of them can be identically zero on -I—P/;. One then says that y reacts
to y' at composition c € 'I_P‘g/ if ﬂ(y,y,)(c) # 0. Thus, the "reacts to"
relation becomes a local notion on '.-[_P} . This slightly different viewpoint,

which has some advantages, is essentially that taken in some early work by

Horn and me ([ H3], [ F2]).

Remark 2.6. Recall from Lecture 1 that TP I is the set of non-negative
real-valued func_t ons with domain ] . Thus, each rate function is an
element of TP (® ). Since a kinetics is an assignment to each reaction
y+y' € -2 _of a rate function %y-*y'(.)’ a kinetics 1is itself a function

) = (PP¥ ) . .
X:R~+T1 . With this in mind I shall often refer to "a kinetics # ".

Definition 2.3. A reaction system { i ¢ R ,KX } is a reaction network
{,g » & »R} endowed with a kinetics A .

Next we consider the archetypical example, mass action kinetics.
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Definition 2.4. A kinetics A for a reaction network {/!, Ny ,R } 1is mass

action if, for each y-+y' € A , there exists a positive number k '

y >y
such that

=k R 1 ¢ . (2.7)
y*y P
be/é

K

y +y (&)

v 1s called the rate constant for the reaction

The positive number k
P y =y

y >y’

Remark 2.7. Note that in (2.7) yb is the stoichiometric coefficient
(Remark 2.3) of species 4 1in the reactant complex y of the reaction

y *y'. Thus, for reaction A+C-+D of network (1.1), equation (2.7)

becomes
_ 1 0 1 0 0
K pic 0 = kppo ,plen) (ep) (e (ep) (ep)
= Kpic»p e -
Similariy,
— 0 2 0 0 0
KZB La(e) = kyp o (e,) (ep) (e) (ep) (ep)
2
= kyp ,a(cp)
And so on.

Remark 2.8. Because we will be working extensively with mass action
kinetics it will be useful to introduce the special notation used by Horn
and Jackson [HJ]. For ¢ and y in fj we define o as follows:

Vs

Y. =2 1 ¢ ) (2.8)
sef *®

co 3

Thus, mass action rate functions take the form

RIS S (2.9)



Remark 2.9. A mass action kinetics for a reaction network {,; , & ,fa-}
is completely specified by an assignment to each reaction y-=+y' ¢ &

of a positive rate constant k . This is to say that a mass action

y+y'
kinetics is specified by an element k € E’RL . (Recall Example 1.B.2.)
Thus, notwithstanding a minor abuse of language, we shall speak of a
"mass action kinetics k" and of a "mass action system {,& LR kb .

In this context it will be understood that %k is an element of IPFZ.

2.C. The Differnentiol Equations fon a Reaction Sysitem

In Lecture 1 I indicated by means of an example how one writes the
differential equations for a reaction system. Here I show how the differen-
tial equations for a general -reaction system can be cast in vectorial terms.

We begin with the following definition:

Definition 2.5. Let { ,& , §: ,/2.} be a reaction network. The reaction

vector corresponding to reaction y->y' € K. is the vector y'-y € IR‘g .

Remark 2.10. Note that the component* of y'-y corresponding to species

4 € ,& is just y'b<—y6, the difference between the stoichiometric coefficient
of 4 1in the product complex y' and its stoichiometric coefficient in the
reactant complex y . This difference is the net number of molecules of 4
produced with each occurrence of the reaction y -+ y'. Consider, for

example, the reaction A-+2B in network (1.1); the corresponding reaction
vector is 2B-A . The "BtPM component" is 2, the "Ath component" is -1,

and the components corresponding to C, D and E are each zero.

The components to which we refer are, of course, the components of y'-y
relative to the standard basis for IR . Keeping in mind the "space of
functions'" interpretation of 1R s wi'might rephrase Remark 2.10 as
follows: y'-y is that function in IR that assigns to each 4 E,&

the net number of molecules of 5 produced with each occurrence of the
reaction y-y'
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Definition 2.6. For a reaction system { Af’,gf , R ,7(-} the species

— *%
formation rate function f: IP - IR is defined by

f(c) Eizy_*y,(c)(y -y) . (2.10)

That is, f(*) is obtained by summing the reaction vectors for the network,

each multiplied by the corresponding reaction rate function.

Interpretation: 1If, in our homogeneous reactor, the instantaneous composition

is ¢ € fﬁ‘/ then, for each 4 E} , fA(C) gives the instantaneous rate of
generation (per unit volume of mixture) of moles of species 4 due to the

simultaneous occurrence of all reactions in far. Note that

e -2 ARRIOICARES AR (2.11)

so that fé(c) is obtained by summing all the reaction occurrence rates,
each weighted by the net number of molecules of 4 produced with each
occurrence of the corresponding reaction (Remark 2.10). This is essentially

the idea we used in Lecture 1.

Before proceeding further we show that, for any reaction system, the
species formation rate function inherently possesses a natural property:
If, for some species 4 , ¢ € P“# is such that ¢, = 0 then, at composition

c, the rate of production of 4 cannot be negative.

*%
The symbol A below a summation sign will always be understood to be
an abbreviation for "y > y' ¢ £ ".
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Lemma 2.1. Let {} ,6 ,R , X} be a reaction system with species P’

formation rate function f(¢). Then, for every 4 ¢ ,é;f and every c e P,

- , . S
Cy 0 implies that fb(c) >20.

Tﬁé be such that, for some 4% 6} s 64* = (0 . Note

that &% ¢ supp &. Recall from Definition 2.2 that K‘y-*y'(c) = 0 when
supp y#supp c. Thus, X y-*y'(e) = 0 for all y-y' € £ such that

Yy* # 0 . Therefore at composition ¢ the only reactions that might proceed

Proof. Let ¢C €

at non-zero rates are those contained in the set
*
E, : = {y»>y' ¢ R,: Yot = o} . (2.12)

Writing (2.7) for species 4% we obtain, for the composition ¢ ,

£,4(8) =éky+y.(e) (3 x = 3,8
- K ¢ '
’z@ gryt O gk (2.13)

Since y'b* >0 for all y ¢ é and since rate functions take non-negative

values we have fbt(e) >20. 11/

Remark 2.11. From (2.13) it follows that fA*(E) will be positive if and
only if there exists y-=+y' € ,Q, such that y'A* >0 and supp yCsupp € .
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Remark 2.12. Note that in the proof of Lemma 2.1 the "if" part of condition
(2.1) in Definition 2.2 plays no role. Lemma 2.1 is implicit in §1.6
of Fife's monograph [ F5], where he discusses some of its consequences in

*
the broader context of reaction-diffusion equationms.

Remark 2.13. The species formation rate function for a mass action system

{f,Z ,R ,k} takes the form

k

f(c) = gy

z J(y'-y) (2.14)
R

where cy is given by (2.8).

By the differential equation for a reaction system we mean

¢ = f(c) , (2.15)

where the dot denotes time differentiation and f(+) is the species formation

rate function. That is, for a reaction system {,& s 5 ,K. ,AK 1 the

corresponding differential equation is

c = E'f(y _*y,(c) y'-y) . (2.16)

*For his purposes Fife requires more smoothness in the rate functions than
we have imposed in Definition 2.2. For much of what we shall do here
continuity is enoz/gh. In dealing with mass action kinetics we shall have
smoothness on TP by virtue of the functions involved. When some of
the stoichiometric coefficients take values in the interval (0,1) we lose
S_OIT differentiability of mass action rate functions on the boundary of
r » but this will have only minor consequences in what follows.
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This, of course, is a vector differential equation which encodes the system

of scalar equations

[]
C =

AR SIOIOETRINE R (2.17)

. y
R
For the network (1.1) in Lecture 1, the system (2.17) reduces to (1.4).

In particular, for a mass action system {/,f, ¢ , R ,k} the corresponding

(vector) differential equation is

k., Sy'-y) . (2.18)

c. = I k R cy(yg -yb) » Y3 EAJ . (2.19)

For the mass action system depicted in (1.6) the system (2.19) reduces to (1.7).

2.0. An Efementary Connection between Reaction Network Structure
and the Nature of Composilion Thajectornies

In this section I want to explore an elementary property of the differen-
tial equations induced by a reaction system. The essential idea here is that,

regardless of the kinetics, reaction network structure alone imposes restric-

tions on the way that composition trajectories can ljfk. In particular,
a trajectory that passes through composition c¢ € iz can eventually

reach composition <c¢' € jiz only if the pair (c¢',c) is compatible with
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certain "stoichiometrical" conditions the reaction network imposes. 1In
very rough terms, composition trajectories are not generally free to
wander in an arbitrary fashion through i3 because there are only
certain directions in which the species formation rate vector can point.
To see this we consider a reaction system {,5 ,g: ,fz—,fc—}. The

species formation rate function is given by

4

f(e) = y_,y.(C)(y -y) . (2.20)

z
R

Thus, for each ¢ € fﬁ/&; f(c) is a non-negative linear combination of the
reaction vectors for the network {/!« , & ,R.Y . In particular, for c € ]Pg
f(c) is a positive linear combination of the reaction vectors. (The same is
true for any c¢ satisfying (2.6).) In any case f(c) must point along the
cone generated by the reaction vectors and must certainly lie in the linear
subspace of 1R spanned by them. This last idea serves as motivation for

our next definition.

Definition 2.7. The stoichiometric subspace for a reaction network

5 N is the linear subspace efine v
{ A} is the 1i b SCIR'&df' d b

S: = span {y' -y € IR'& cy>y' e ).

Remark 2.14. By the span of the set of reaction vectors we mean of course the
linear subspace of IR‘Z consisting of all real linear combinations of them.
The discussion just prior to Definition 2.7 suggests that we should also have

interest in the stoichiometric cone for a network, defined to be the set of

all non-negative linear combinations of its reaction vectors. It is easy to

see, however, that the stoichiometric cone and stoichiometric subspace for a
network coincide when the zero vector in IR is representable as a positive
linear combination of the reaction vectors, and we shall see in Lecture 5

that this last condition must be satisfied if a reaction system is to admit

an equilibrium in TP . Since we shall focus heavily on situations in
which there does exist a positive equilibrium, there will be no distinction
between the stoichiometric cone and the stoichiometric subspace in much of

what we do.
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Since the species formation rate function for a reaction system must
take values in the stoichiometric subspace for the underlying reaction net-
work, we shall want to know something about the size of that subspace.

With this in mind we record the following definition:

Definition 2.8. The rank of a reaction network is the rank of its set of

reaction vectors. That is, the network {} ,G ,AR} has rank s if

there exists in the set
{y'-ve IR’& ty>y' e R} (2.21)

a linearly independent subset containing s vectors but no linear independent
subset containing s+l vectors. We shall reserve the symbol s to denote

the rank of a network.

Remark 2.15. From elementary considerations in linear algebra it follows
that the dimension of the stoichiometric subspace for a reaction network is

just the rank of the network:

s = dim S (2.22)

Example. For network (1.1) the reaction vectors are
{2B-A, A-2B, D-A-C, A+C-D, B+E-D, A+C-B-E} (2.23)

The three-element subset
{2B-A, A+C-D, B+E-D} (2.24)

is linearly independent, and any vector in (2.23) can be written as a linear
combination of (2.24). Thus, s=3 so that the stoichiometric subspace for
network (1.1) is a three-dimensional linear subspace of the five—-dimensional

ambient vector space 1R .
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I have already indicated that limitations on the directions in which
species formation rate vectors can point place restrictions on the way
composition trajectories can evolve. The following lemma describes such
a restriction.

.y

Lemma 2.2. Let {}’ s G ’ R ,K} be a reaction system, and let c:I-—+1P

be a solution of

z Ky QG0 (2.25)

[
Cc =

where I (CIR is an interval. Then, for each tys t2 £ I with t, > tl,

there exists an o € IP R such that

c(t2) - c(tl) = E‘ay_*y.(y' -y) . (2.26)

Proof. Integrating (2.25) between t. and t along the solution c(°*) we

1 2
obtain
)
c(tz) - c(ty) = é/( ftk y+y.(C(T))dT)(y -y) . (2.27)
1

Noting that each integrand in (2.27) is non-negative, we set

t
2
ay»y' = ft ﬁﬁyﬁy.(c(T))dT , Vyay' e R . (2.28)

1

In this way we obtain (2.26) from (2.27). ///
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Remark 2.16. Note that if, at some instant t* ¢ [tl,tz] we have

Ko@) >0, Yy>y' el ,

then o can be taken to be strictly positive. This follows easily from
the construction given in (2.28) and the continuity of the functions

ﬁ[y+y,(c(')). Similarly o can be taken to be strictly positive if, for
each reaction, there exists an instant in [tl,tz] at which that reaction

is "switched on".

Lemma 2.2 tells us that a composition c¢' € TP can follow a composition

&
ce P along a solution of (2.25) only if c'fc lies in the stoichiometric
subspace (and, in particular, the stoichiometric cone) for the network
{// , & ,K—} . Thus, if c: I - ]T_PA/ is a solution of (2.25) which passes

0
through a composition ¢ then, for all t € I, we must have

c(t) e (0 + s) N E} , (2.29)

where S 1is the stoichiometric subspace and

A

0

Vs =10+ Yye R” :vyesS}. (2.30)

This is to say that a composition ¢ can lie on a trajectory passing

through c0 only if ¢ and c0 are "'stoichiometrically compatible'.
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Definition 2.9. Llet {X/ s c, :‘2~} be a reaction network, and let

SCTR be its stoichiometric subspace. Two vectors c¢ € TP and

c' e are stoichiometrically compatible if c¢'-c 1lies in S.

Stoichiometric compatibility is an equivalence relation that induces a
partition of iz [resp., TP ] into equivalence classes called the

stoichiometric compatibility classes [resp., positive stoichiometric

compatibility classes] for the network. In particular, the stoichiometric

compatibility class containing c¢ € iz is the set (c+S)n i3 , and
the positive stoichiometric compatibilify class containing c € TP is the

set (c+S) N IP'& .

Our considerations thus far give some geometric insight into the way phase

portraits are structured. A composition trajectory passing through composition
c0 must lie entirely within the stoichiometric compatibility class containing
co. In rough terms this stoichiometric compatibility class is obtained by
shifting S wup to c0 (by parallel translation) and intersecting the

resulting parallel of S with P '& . Some examples might be helpful.

Example 2.D.1. Consider the simple network

A = 2B . ' (2.31)

Here A = {A,B} , and the reaction vectors are

4

{a-2B, 2B-A}JC R" .

The rank of the network is clearly one, and the stoichiometric subspace S

is one-dimensional: it is the line in 1R containg the vector A-2B.

The stoichiometric compatibility classes are those parts of lines parallel

to S that lie in 7, Regardless of the kinetics, each composition traiectory
compatible with the induced differential equations lies entirely

within a stoichiometric compatibility class.
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For illustrative purposes we shall suppose that network (2.31) is
endowed with mass action kinetics. 1In this case the appropriate differen-

tial equations are

2
A = Kopaalep)” ~ kpiop

(2.32)

. 2
cg = Zk, op 4 = Zkyp,a(cp)

The set of equilibrium points for (2.32) is given by those ¢ € Tﬁ’} that
satisfy

K
c, = kZB*A (cB)2 (2.33)
A+2B

The phase portrait for (2.32) is sketched in Figure 2.1.

A STOCHIOMETRIC
ComPanaiLITy
CLass

ComMPTsTioN
TRATECTORY

e

-

Figure 2
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Example 2.D.2. Consider the network

2A— B

\ A @2

Here ,§’= {A,B,Cc} , and the four reaction vectors are

A

{B-2A, B-C, C-B, 2A-C} C IR .

The rank of the network is readily confirmed to be two so that the stoichio-
metric subspace § 1is two-dimensional. The stoichiometric compatibility
classes, as indicated in Figure 2.2, are those triangles which are the inter-
section of parallels of S with I & . As the figure is inténded to
suggest, a composition trajectory must lie entirely within a stoichiometric

compatibility class.

SToieHIOMETRIC
ComparigiLity
LAsS

\ c

[N
N

Figure
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Remark 2.17. We introduced the notion of stoichiometric compatibility in
anticipation of certain questions we.shall raise in the next lecture. 1In
particular, we shall be interested in the existence of multiple positive
equilibria. To ask, without qualification, whether the differentiél equa-
tions for a reaction system admit more than one positive equilibrium is to
ask a question too broadly posed, for even the very simple system discussed
in Example 2.D admits a wealth of positive equilibria. The question of real
interest is whether the differential equations for a reaction system can

admit multiple positive equilibria within a stoichiometric compatibility

class — that is, whether there can exist two or more positive equilibria
which are stoichiometrically compatible with the same initial composition.
(For the mass action system discussed in Example 2.D.1 the answer is no.)

Similarly, when we speak of stability of an equilibrium we shall always

mean stability relative to initial conditions within the stoichiometric

compatibility class containing that equilibrium.

2.E. Open Systems: Why Study "Funny" Reaction Networks?

In this section I want to explain why, in subsequent lectures, we shall
admit for consideration networks containing peculiar reactions like A = 2A
or 0+ A (zero reacts to A) which, at first glance, appear to be incompatible
with the conservation of matter. In fact, we shall want to consider networks

such as

AT 2B
(2.35)

A+CTEB

which offend our sensibilities in a more subtle way: If a molecule of A can
decompose into two molecules of B, then the molecular weight of a molecule
of B would appear to be half that of a molecule of A. How then can a molecule
of B result from a chemical combination of the heavier molecule of A with a

molecule of C?
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In order to understand why it makes sense to consider such peculiar
networks, we must move beyond the simple picture painted at the beginning
of Lecture 1 — a picture that has motivated all our considerations thus
far. There we studied a homogeneous reaétor (portrayed in Figure 1.1) which
was closed with respect to the exchange of matter with the external world.
Composition changes resulted solélg from the occurrence of chemical reactions,
and our differential equations were formulated accordingly.

We would also like to study homogeneous (well-stirred) reactors that are
open to the influx or efflux of at least certain species. 1In this case we
would expect composition changes to result not only from the occurrence of
chemical reactions but also from the transport of various species into and
out of the reactor. Consequently, these effects should also manifest thém—
selves in the differential equations that govern the reactor's behavior.

For this reason the differential equations (2.16) and (2.18) we have begun
to examine might seem inappropriate to the study of open reactors, for those
equations were developed in consideration of reactors in which composition
changes come about by virtue of chemical reactions alone.

The fact is, however, that equations (2.16) and (2.18) a}e indeed

suited to the study of important categories of open reactors, provided that

our conception of a reaction network is suitably broadened to incorporate

certain "pseudo-reactions" tailored to encode the infusion or effusion of

those species supplied to or removed from a particular open reactor under

study. That is, there are varieties of open reactors for which the appropriate
differential equations can be viewed as deriving from a reaction network
obtained by modifying or augmenting the tfue chemical network in such a way
as to model, by means of "pseudo-reactions", various non-chemical effects.
We shall see how this works in a few examples, but before turning to
them I want to make explicit the importance of our ability to subsume open
reactors within the fraﬁework we have erected so far. Suppose that the
possibilities suggested in Lecture 1 could be realized, that there could be
developed a theory of the general mass action equation (2.18) which would,
for example, indicate that the differential equations for networks of a
certain large class cannot admit periodic orbits for any set of rate

constants. Suppose further that a particular open system could be modelled
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in terms of a reaction network (composed in part of "pseudo-reactions")
taken with mass action kinetics. That is, suppose (2.18), written for the
model network and its kinetics, would yield precisely those differential
equations one would write for the open system from first principles. Then
the aforementioned theory of equation (2.18) would connect qualitative
properties of these equations with the structure of the model network, and
the possibility of periodic orbits for the open system under study might,
for example, be decided solely on the basis of model network structure.

In this way the theory would provide information not only about closed
reactors but about open reactors as well.

We turn now to three examples in which we indicate how, by means of
appropriately constructed model networks, certain categories of reactors are
in fact describable within the framework we have already constructed. So
that the basic ideas should not be obscured I have, in each case, taken the
"true" chemistry to be very simple. The examples are easily generalized to
situations in which the chemistry is far more complex. Moreover, in each
example I have taken the kinetics of the true reactions to be mass action,
and I have indicated how each reactor is describable in the context of the
mass action equation (2.18). When the kinetics is not mass action, similar
conéiderations enable one to describe each reactor in the context of the

more general equation (2.16).

Example 2.E.1 (Continuous Flow Stirred Tank Reactors). Consider the reactor

shown in Figure 2.3. The reactor contents, a liquid mixture of species A and
B, are maintained homogeneous, isothermal, and of fixed volume (which, for
the purposes of this example, we shall take to be unity). Feed of fixed
composition is continuously supplied to the reactor at a constant volumetric

flow rate g (volume/time) with molar concentrations of A and B in the feed

f
A
continuously removed at volumetric flow rate g. In the reactor the only

equal to ¢ and cg , respectively. The contents of the reactor are

chemical reactions which occur are
k
2A T B . (2.36)
k!
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The kinetics is mass action with rate constants as indicated in (2.36).
Species balances for A and B yield the following pair of differential

equations for-cA and Cgs the molar concentrations of A and B within the

reactor:

0
>

[]

oo
0
i
[32]
0
>
+
N
-
0
=]

!
N
=
0

-

(2.37)

Written for the mass action system (2.36), equation (2.18) does not reduce

to (2.37); terms corresponding to the feed and effluent are absent.

A= B .

> 7

3 (voL./TiME) C (1) , Cg () 9 (voL./tiME)
CAlt) (MoLES/voL)

Cﬁ (MoLES /voL.)
Ca (t) (MoLESAmL.)

Cé (MoLES/AVOL.)

Figure 2.3
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Consider, however, the model network (2.38):

k g gcﬁ
A B 0 +— 4 . (2.38)

£
k' gep g

The entity "0" in (2.38) is the zero complex, interpreted as the zero vector
of IRA/ (where, for our example, A‘ = {A,B}). The reactions
0+ A and O + B are adjoined to the reactions 2A T B to reflect the

infusion of A and B in the feed, and the reactions A~+Q0 and B+ 0 are
similarly adjoined to reflect .the effusion of A and B in the exit stream. Now
suppose that this model network is assigned mass action kinetics with rate
constants as indicated alongside the reaction arrows in (2.38). Then (2.18),
written for the mass action system depicted in (2.38), yields a vector differen-
tial equation whose component equations are precisely those displayed in (2.37)%*
Thus, any results obtained for equation (2.18) which draw connections
between dynamics and reaction network structure become applicable to the flow

reactor we have been considering, provided it is understood that the network

of interest is (2.38) rather than the simpler (2.36).

It is not difficult to see how wide varieties of continuous flow stirred
tank reactors can be codified in reaction network terms by the means described

here.

Example 2.E.2. (Homogeneous Reactors with Certain Species Concentrations

Regarded Constant) We shall consider a reactor studied by Edelstein [ E].

The reactor contents are well-stirred and are maintained at constant tempera-
ture and volume. The reactions occurring are those depicted in the network
(2.39):

*
Note that, according to the mass action prescription (2.7), the reaction

) £ £ 0, 0 _ £
0 - A with rate constant gc, proceeds at rate (gcA )(cA) (cB) = gc, -
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A+ L T==2A

(2.39)
Y €
A+BT=CT=B+ M.
n £

The kinetics is mass action with rate constants denoted by Greek letters
alongside the corresponding reaction arrows. We shall suppose that species
L and M are added to or removed from the reactor in such a manner as to keep

the molar concentrations of L and M within the reactor fixed at values cL

g , respectively. The differential equations for the five species concen-

trations within the reactor are then

and c

5 2

= = - —-—
c, = acy ¢, BcA Yc,Cq +1]cc
L] = - - * .
g Ye,cp +ncC + €¢q ECM Ch (2.40)
. N %
e =Yc,Cqp - I]CC - ECC £ v B
¢ = 0
Cy = o .

These are not the differential equations one would obtain by writing (2.18)
for the mass action system depicted in (2.39).
However, the first three equations of (2.40) — the only ones of real

interest — are induced by the mass action system
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ClCL

AT 2A

(2.41)
£
A+B*C—8B .
n ec;;

That is, the evolution of the molar concentrations of species A, B and C are
described by the first three equations of (2.40), and these can be viewed as
deriving from the model network (2.41) by means of the usual mass action

formalism. Thus, any theory of equation (2.18) that draws connections between

dynamics and network structure becomes applicable to the Edelstein system,

so long as it is understood that the network of interest is that shown in

(2.41) rather than that shown in (2.39).

This example is easily generalized to other reactors of similar type.

"strips away" species

To obtain the appropriate model network, one merely
with time-invariant concentration from the network of true chemical
reactions,* and one modifies certain rate constants in a manner suggested

by the example.

*
If all species in a particular complex have time-invariant concentrations,
then the "stripping away'" procedure will result in the zero complex.



Remark 2.18. The reactor considered in Example 2.E.2 is open: species L

and M are added to and removed from the reactor in such a way as to main-

tain the concentrations of L and M within the reactor constant in time.

In fact, the example — at least in the way I described it — is somewhat

farfetched, for it is difficult to see how, in practical terms, control of
the concentrations of L and M could be easily managed.

Nevertheless, Example 2.E.2 amounts to a formalization of a common
situation that chemists really do think about. Imagine that Edelstein's
reactions (2.39) are taking place in a closed reactor in which species L
and M are present in amounts much larger than those of A, B and C. In such
a situation it is reasonable to suppose that, for a very long time, the con-
centrations of L and M can be deemed constant in the differential equations
for A, B and C; there simply isn't enough A, B or C available to make a
dent in the amounts of L and M — at least not in the short run. In the
context of this supposition and for a reasonably chosen time interval, the
closed Edelstein reactor is, insofar as the dynamics of A, B and C are
concerned, more or less equivalent to the physical picture I painted in
Example 2.E.2; and the differential equations for A, B and C can be viewed

as having been induced by the model mass action system depicted in (2.41).

Example 2.E.3. (Interconnected Cells) As shown in Figure 2.4 each of two

cells contains a mixture of species A and B. The mixture in each cell is
maintained homogeneous, and we shall presume that the mixture volumes are
each maintained at unity and that the temperatures in the two cells are
maintained at the same constant value. Species A and B diffuse from cell
to cell at rates proportional to the difference in species concentration
between the cells. That is, the net rate of receipt of moles of A in

cell 1 is DA(CAé - CA ), where DA is a "diffusion constant" for species
A, CA1
concentration of A in cell 2. Similarly, the net rate of receipt of moles

. 1s the molar concentration of A in cell 1, and CA2 is the molar

of B in cell 1 is DB(CB2 - CBl)' We presume also that the reactions
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A — 2B

(2.42)

occur within each cell and that the kinetics is mass action with rate constants

k and k'
The differential equations that

as indicated.

govern the system are

o 2
C = -kC, + k'C., + D, (C, -C, )
Al A1 B1 A A2 A1
& =2kc. - 2k'C.2 + D.(C. -C. )
B1 A1 B1 B B2 B1
(2.43)
. 2
c = -kC, + k'C_, + D, (C, -C, )
A2 A2 B2 A A1 A2
¢ = 2kC. - 2k'C.2 4+ D.(C. -C. ) .
B2 A2 B2 B B1 B2

These certainly are

not the differential equations induced by the mass

action system (2.42), but they are the differential equations induced by the

model network

k DA k
e —_— —_—
2B1 ——T A1 ~— A2 +—T-2B2
k D k
A
(2.44)
DB
——
B =5
DB
taken with mass action kinetics with rate constants as indicated. Thus, any

theory of equation (2.18) that draws
network structure becomes applicable

it is understood that the network of

connections between dynamics and reaction
to the system considered here, provided
interest is that displayed in (2.44).




2-29

A —726
Ca, (8, G, (8

— 715

Ca, (1), Cp, ()

Ceer 4 CeLL 2

Figure 2.4

It is not difficult to see that one can let the number of cells get
large and still effect a model network description in the same way. The
chemistry within the cells can, of course, be considerably more complicated
than we have indicated in this example. Indeed, the cells may be of the
kind in Example 2.E.2 in which certain species concentrations are deemed
time-invariant.

Interconnected cells have been studied from a reaction network view-
point by Shapiro and Horn in [SH] and [S]. I will discuss their work
briefly in Lecture 9, but I would strongly encourage readers interested
in interconnected cells to see [SH] for a fuller summary of some striking

results.
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Examples 2.E.1-2.E.3 provide only a partial picture of the way in which
the framework we have constructed is sufficiently broad as to accommodate a
large variety of reactors by means of suitably constructed model networks.
These few examples should nevertheless make clear why we would like whatever
theory we generate to embrace networks which contain "funny" reactions such
as A*2A or 0~ A and which apparently violate conservation of matter.
Indeed, the seemingly strange network (2.35) with which we began our discussion
might have resulskfrom the "stripping away" (in the sense of Example 2.E.2)

of species D and E from the network

A+D_—12B

A+ CB+E

Thus, network (2.35) becomes a legitimate object of study in the context of
a reactor in which the concentrations of D and E are regarded fixed.
Motivated by these considerations we shall in fact take the view that
all reaction networks are legitimate objects of study. In this way we can
aspire to a theory that embraces all networks we are likely to encounter,
be they "true" chemical networks or model networks that describe reactors

like those considered in our examples.

Remark 2.19. Although we shall consider all reaction networks as suitable
objects of study, I should point out that those networks which are compatible
with mass conservation have certain pleasant properties.

Following Horn and Jackson [HJ], I say that a network {; , o, R}

is conservative if there exists a (positive) vector M e TP contained in

S » the orthogonal complement of the stoichiometric subspace for the net-
work. This condition can be given a rough interpretation in the following way:

Think of M as a vector of molecular weights, MA being the molecular weight



1aken from a scanned copy of “Lectures on Chemical Reaction Networks,” given by
Martin Feinberg at the Mathematics Research Center, University of Wisconsin-Madison
in the autumn of 1979.

LECTURE 3: TwW0 THEOREMS

In this lecture I shall state what I think are two remarkable theorems
about the relationship between reaction network structure and qualitative
properties of the induced differential equations. In rough terms, these
theorems describe large classes of reaction networks, some extraordinarily
intricate, for which solutions to the corresponding differential equations
can only behave in a severely limited way.

Section 3.A contains a list of some major questions we would like to
answer. These questions will set the stage not only for the theorems
presented in this lecture but also for some results contained in subsequent
lectures.

In Section 3.B I introduce in an informal way a small amount of language
we shall need to discuss reaction network structure. In particular, I
discuss some elementary graphical aspects of reaction networks, and then I
introduce the deficiency of a network. The deficiency amounts of a non-
negative integer index with which reaction networks can be classified.

In Section 3.C I state the Deficiency Zero Theorem. This theorem gives

information about the very large class of networks with deficiency zero.
Networks of this class can be enormously complicated and can contain hundreds
of species. Very roughly, the Deficiency Zero Theorem says that the differen-
tial equations for all deficiency zero networks (taken, say, with mass

action kinetics) invariably give rise to phase portraits of a certain kind:
Regardless of values of the rate constants there are no unstable positive
equilibria; multiple positive equilibria (within a stoichiometric compati-
bility class) are impossible; and there are no periodic orbits. Thus a
chemist, in trying to understand a reactor in which periodic composition
oscillations or multiple positive equilibria are observed, could not
interpret his observations in terms of a mass action system for which

the underlying reaction network has deficiency zero, no matter how intricate
that network might be.

In Section 3.D I state a preliminary version of the Deficiency One

Theorem. (A better version is stated in Lecture 7.) This theorem improves

the Deficiency Zero Theorem to the extent that it delineates a broader
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class of networks which, when taken with mass action kinetics, are
incapable of generating multiple positive equilibria.
Proof of the Deficiency Zero Theorem is given in Lecture 5, and proof

of the Deficiency One Theorem is given in Lecture 7.

3.A. Some Questions

Our concern will be with the relationship between the structure of a
reaction network and properties of the system of differential equations it
induces. Recall that one such elementary relationship was already established
in Section 2.D: For a reaction system {}g , ¥ ,& K}, a composition
trajectory in ™ containing a point in a particular stoichiometry
compatibility class lies entirely within that stoichiometric compatibility
class.

We would like to know more. We would like to know in qualitative terms
what happens within the stoichiometric compatibility classes, and we would
like to tie that qualitative behavior to reaction network structure.

In Lecture 1 I touched upon the kinds of questions we would like to
answer, and I want to go into a little more detail here. It is worth
stating again that our objectives will be broad ones: We seek to classify
networks according to the kind of behavior the induced differential équations
might admit. Although we shall be interested in the more general situation,
the discussion in this section will be confined to networks endowed with
mass action kinetics.

Recall from Lecture 1 that the network itself is our object of study,
not the network taken with a particular set of rate constants. We will
not, for example, ask whether the differential equations for a specified
mass action system {,Z R § R E,,k} admit a periodic orbit. We will,
however, ask if, for the network {/f , & ,A_}, there exists some k € IPR’
such that the differential equations induced by the mass action system

{,& ’ Z: ,/2.,k} admit a periodic orbit. That is, we shall ask whether

the network has the capacity to generate periodic composition oscillations.



With this in mind, I shall pose all the problems considered here in

the following way: Describe the class of networks which, when taken with

mass action kinetics, are such that the induced differential equations have

property X regardless of values of the rate constants. Clearly, a solution

to this problem provides a solution to the complementary problem: Describe
the class of networks which, when taken with mass action kinetics, are such
that the induced differential equations fail to have property X for some
values of the rate constants. Thus if we could delineate the full class of
networks that generate no periodic orbits for any set of rate constants
we would then know the complementary class of networks which have the capacity
to generate periodic orbits for at least one assignment of rate constants.

Theorems stated in Sections 3.C and 3.D will answer questions for some
very large and intricate networks. In providing motivation for these
geustions, however, I will consider in this section only very simple "play"
networks which contain two or three species. These networks are not intended
to reflect real-life situations, but they will enable me to sketch equilibrium
sets and phase portraits in a fairly easy way. The examples will help
exhibit a variety of dynamics that different reaction networks can generate;
and, more importantly, they will provide a collection of "facts" that should
be fit by any theory we develop. The dynamical zoo I shall present in this
section is not intended to be a good one; it contains mice and rabbits
but no lions or bears. In particular, I have made no attempt to provide
a simple example of a network that generates "chaotic" dynamics.*

In the examples I shall give it will be understood that the networks
and rate constants displayed are those obtained after applying the modifica-
tions described in Section 2.E. For example, I will consider the "stripped"
Edelstein network (2.41) rather than (2.39), for network (2.41) is the one
of real interest to us. Similarly, when I talk about its rate constants
it will be understood that these are the ones associated with the modified

network (2.41) rather than the original.

*Readers might wish to see an interesting example constructed by Willamowski
and Rossler [WR]. Theirs is a three-species network, only moderately
intricate, that derives from consideration of a reactor like that discussed
in Example 2.E.2. For suitably chosen rate constants, numerical solution
of the induced differential equations is strongly suggestive of very
complicated behavior.
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In fact, this understanding will remain in force for the balance of
these lectures. Remember that, in the spirit of Section 2.E, we admit all
networks as legitimate objects of study so that whatever theory we develop
can be brought to bear upon whatever model networks might present them-
selves in applications. Apart from a brief discussion in Lecture 6,

I shall henceforth make no distinction between '"'true" reactions and
"pseudo reactions'" or between ''true' rate constants and '"pseudo rate

constants".

I turn now to a list of some problems we would like to consider.

Problem 3.A.1. (The existence of positive equilibria). By an equilibrium
for a reaction system {Ag ,ti ,/Z ,7Z-} I mean a composition c¢ € ™

at which the species formation function (Definition 2.6) takes the value

zero. By a positive equilibrium I mean an equilibrium in H”& — that is,
an equilibrium at which all species concentrations are positive.

Some reaction networks (e.g., A + 2B) have the property that, when
taken with mass action kinetics, the induced differential equations admit
no positive equilibria for some or even for any assignments of the rate
constants. Any equilibria that do exist are characterized by the "extinction"
of one or more species.

On the other hand, some networks (e.g., A Z 2B) taken with mass action
kinetics admit at least one equilibrium in each positive stoichiometric
compatibility class; regardless of values that the rate constants take.
(Recall Figure 2.1 in Example 2.D.1.)

Even if we grant that the existence or non-existence of positive
equilibria is easy to decide for simple networks, this is not true of
complicated networks. Ultimately one is confronted with a large system
of polynomial equations in many variables (species concentrations) in
which many parameters (rate constants) appear. Recall the system (1.7)
of equations generated by the relativély simple mass action system (1.6).

We pose the following problem: Describe the class of networks which,

when taken with mass action kinetics, induce differential equations that

admit an equilibrium within each positive stoichiometric compatibility

class, regardless of values of the rate constants.
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Problem 3.A.2. (The uniqueness of positive equilibria). Taken with mass

action kinetics, the very simple network discussed in Example 2.D.1
(Lecture 2) gives rise to precisely one equilibrium in each positive
stoichiometric compatibility class, regardless of values of the rate
constants. This is certainly not true of all networks (although it is
true of a much larger class of networks than might be supposed).

For example, the Edelstein network (2.41), when taken with mass
action kinetics, has the property that, for some values of the rate
constants, the induced differential equations admit multiple positive
equilibria within certain stoichiometric compatibility classes. This

is the case for the rate constants shown in (3.1)

8.5
3.1
1 1 ( )
A+B " CTZB
1 0.2

The locus of equilibrium compositions (excluding the origin) is sketched
in Figure 3.1 along with two stoichiometric compatibility classes. These
are parallel to the two dimensional stoichiometric subspace (not shown)
containing the six reaction vectors. (The stoichiometric subspace is
spanned by the reaction vectors B-C and A.) The lower stoichiometric
compatibility class (the dashed rectangle) is pierced by the locus of
equilibria in one point, while the higher stoichiometric compatibility

class (the solid rectangle) is pierced in three points.
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locus of equilibria

Figure 3.1

Horn and Jackson [HJ] studied another "play" network which, when
taken with mass action kinetics, has the capacity to generate multiple

positive equilibria. That network iskdisplayed in (3.2):

.1
3A — A + 2B

1T 11 (3.2)

2A + B «— 3B
ll



For some values of the rate constants — in particular, for those shown

in (3.2) — the induced differential equations give rise to three equilibria
within each positive stoichiometric compatibility class. The locus of
equilibria is sketched in Figure 3.2 along with some composition trajectories.
The stoichiometric subspace S is one-dimensional and is spanned by the
vector B-A. The positive stoichiometric compatibility classes are those

parts of parallels of S that lie in the interior of the first quadrant.

locus of equilibria

Figure 3.2



However chemically unrealistic network (3.2) might be, it turns out to be
remarkably useful as a counterexample in overturning theoretical conjectures
that present themselves naturally. We shall see how this works in Section
3.D.

For similar reasons I want to have available one more example of a
"play" network which, when taken with mass action kinetics, has the capacity
to generate multiple positive equilibria for some values of the rate constants.

Consider the mass action system*

1.083 -1.723

AT——_—0——8B

.0823 1.083

(3.3)
1.95

2A + B — 3A .

0.3

For the network shown in (3.3) the stoichiometric subspace is two-dimensional;
it is spanned by the reaction vectors A (= A-0) and B (= B-0). Thus, for
this two-species network (/& = {A,B}), the stoichiometric subspace coincides
with IR# . (In this case there are no constraints on composition trajec-
tories imposed solely by "stoichiometry'.) There is but one positive
stoichiometric compatibility class; it is identical to IP“.

The differential equations induced by the mass action system (3.3)
admit three positive equilibria. These are shown in Figure 3;3 along with

some composition trajectories.

This system derives, in the sense of Example 2.E.l1 (Lecture 2), from
consideration of a continuous flow stirred tank reactor in which the
"true" chemistry is given by the second line of (3.3) with rate
constants as indicated. The volumetric flow rate of feed and effluent
is 1.0823 (volume/time), and the feed composition is given by

ci = 0.076 (moles/volume) and cg = 1.59 (moles/volume).
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Figure 3.3

I have now provided three examples of networks which, when taken
with mass action kinetics, admit multiple positive equilibria (within a
stoichiometric compatibility class) for certain values of the rate
constants. On the other hand there exist networks which, for every assign-

ment of rate constants, admit precisely one equilibrium within each positive

stoichiometric compatibility class. We would like to distinguish between
those networks which, when endowed with mass action kinetics, have the

capacity to generate multiple positive equilibria and those which do not.
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Thus we pose the following problem: Describe the class of networks

which, when endowed with mass action kinetics, induce differential

equations that admit precisely one equilibrium within each positive

stoichiometric compatibility class, regardless of values the rate

constants might take.

Problem 3.A.3. (The stability of positive equilibria). Each of the mass

action systems (3.1)-(3.3) not only admits multiple positive equilibria,
each also admits unstable (as well as stable) positive equilibria. (For
the systems (3.2) and (3.3) this can be seen in Figures 3.2 and 3.3.)

Even among those networks that admit a unique equilibrium (within each
positive stoichiometric compatibility class) for every assignment of rate
constants, there exist networks which have the property that, for certain
values of the rate constants, the sole positive equilibrium is unstable.

An example is provided by the "Brusselator" [GP] with rate constants as

indicated in (3.4)%*:

1 3
00— A—B
1 (3.4)
1

2A + B — 3A

For this two-species network,the stoichiometric subspace is two dimensional
and therefore coincides with IR . There is but one positive stoichio-
metric compatibility class; it cqincides with ¥ ., It is easy to
confirm that for any assignment of rate constants there is precisely one
positive equilibrium. For the values shown in (3.4) the resulting
equilibrium is unstable and is enclosed within a stable limit cycle. A

sketch of the phase portrait is shown in Figure 3.4.

*In the sense of Example 2.E.2 the network shown in (3.4) has been
obtained from that studied in [GP] by "stripping away' species deemed
to have time-invariant concentrations.
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Figure 3.4

Networks (3.1)-(3.4) have the property that, for some values of the
rate constants, the induced differential equations admit an unstable
positive equilibrium. On the other hand, there exist networks — (2.31)
is a trivial example — which, when taken with mass action kinetics,
induce differential equations that admit only stable positive equilibria
regardless of values of the rate constants. We would like to distinguish
between those networks that have the capacity to generate unstable positive
equilibria and those which do not.

We pose the following problem: Describe the class of networks which,

when endowed with mass action kinetics, induce differential equations such

that every positive equilibrium is stable, regardless of values the rate
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constants might take. (Recall that when we speak of the stability of an

equilibrium we shall always mean stability relative to initial conditions

in the stoichiometric compatibility class containing that equilibrium.)

Problem 3.A.4. (The existence of periodic composition cycles). As we saw

in Figure 3.4, network (3.4) — when taken with mass action kinetics —
has the property that, for some values of the rate constants, the induced
differential equations admit periodic composition cycles. On the other
hand, there exist networks which, when taken with mass action kinetics,
have the property that the induced differential equations fail to admit
periodic composition cycles for any assignment of rate constants. We
would like to distinguish between those networks which have the capacity
to generate periodic composition cycles and those which do not.

We pose the following problem: Describe the class of networks

which, when endowed with mass action kinetics, induce differential

equations that admit no (nonconstant) periodic composition cycles

regardless of values the rate constants might take.




3-13

3.B. A Little Vocabwlany

The problems we have posed are major ones. I want to present two
theorems which, I think, represent substantial progress toward their
resolution. In order to state them I shall require a small amount of
vocabulary with which reaction network structure might be discussed.
At least for now there are only three ideas we need: what we mean by

the linkage classes of a network, what it means for a network to be weakly

reversible, and what we mean by the deficiency of a network. The first
two of these depend solely on a network's character as a graph, the precise
nature of the complexes playing no essential role. The algebraic nature
of the complexes will, however, influence a network's deficiency. The
basic ideas, especially those associated with the graphical structure of
a network, are easy to understand in an intuitive way, and in this lecture
I won't be very formal about them. I will, however, give formal definitions
in the next lecture when I begin to lay the groundwork for proofs.

In representing reaction networks diagrammatically I have, without
saying so explicitly, always followed a certain procedure. I have dis-

played each complex precisely once, and then I have joined the various

complexes by the appropriate reaction arrows. Whenever I speak of the

reaction diagram for a network I will mean a display of this kind. One

way in which we can begin talking about the structure of a reaction net-

work is by saying some things about how its reaction diagram looks.

3.B.1. The linkage classes of a reaction network., Consider the reaction

diagram (3.5). What strikes one immediately about the diagram is that

(3.5)
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it is made up of three distinct "pieces" — one containing the complexes
{A+B, C, D, 2E}, one containing the complexes {A+E, F, G} and one
containing the complexes {G+F, H}. That is, if we forget about the
directions in which the reaction arrows point we notice that complexes

in the set {A+B, C, D' , 2E} are "linked" to each other (not necessarily
directly) but not to any other complex. The same is true of complexes

in the set {A+E, F, G} and in the set {G+F, "} .

By inspecting the reaction diagram for any network we can discern
the 'pieces" of which it is composed, and we can then partition its com-
plexes into the corresponding linkage classes. Thus, the linkage classes
for the network depicted in (3.5) are {A+B, C, D, 2E} |, {A+E, F, G} and
{G+F, H}. We shall reserve the symbol £ for the number of linkage classes

in a network. Clearly, £ is just the number of "pieces" that make up the
corresponding reaction diagram.

Here are some other examples: For network (1.1) £ = 2. TFor network
(3.1) £ = 2. For network (3.2) £ = 1. TFor network (3.3) £ = 2. TFor
network (3.4) £ = 2.

In determining the linkage classes of a network we merely ask which
complexes are 'linked" to which other complexes without caring about the
directions in which the reaction arrows point. The directions of the
reaction arrows will, however, play a role in our next idea, weak reversi-

bility.

3.B.2. Weak reversibility. By a reversible network a chemist means one

in which each reaction is accompanied by its "antireaction"; that is,
if y » y' 1is a reaction in a reversible network then so is y' »>y.
Thus, the network (3.6) is reversible:

AT 2B

A+C— D (3.6)

\ 7

B +E
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On the other hand network (3.7), which is the same as (1.1), is not

reversible:

A+C= D (3.7)

It turns out that reversible networks are pleasant to work with, and
one can prove some nice theorems about them. It also turns out that, with
almost no additional effort, one can prove these same theorems for a wider

class of networks we shall call weakly reversible: A network is weakly

reversible if, whenever there is a directed arrow path leading from complex

y to complex y', there is also a directed arrow path leading from y' back to y.
(Alternatively, a network is weakly reversible if each reaction arrow is
contained within a directed arrow cycle.)

Network (3.7), while not reversible, is weakly reversible. Note, for
example, that there is a directed arrow path connecting A+C to D and that
there is also one leading from D back to A+C (via B+E). Note also that
every reaction arrow is contained in a directed arrow cycle. (Some of these
cycles are little ones containing only a pair of arrows pointing in
opposite directions.) ‘

Network (3.6) is also weakly reversible. It should be clear that
every reversible network is weakly reversible. Thus, any theorems stated
for weakly reversible networks apply to reversible networks as well.

Network (3.8) is not weakly reversible:

AT 2B

A+CT= D (3.8)
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There is a directed arrow path leading from complex B +E to complex D
but no directed arrow path leading from D back to B +E. Note also that
the reaction B+E -+ D is not contained in any directed arrow cycle.

Similarly, network (3.9) is not weakly reversible:

A —> 2B

A+C =D (3.9)

N/

B +E

There is a directed arrow path connecting A to 2B but none leading from
2B back to A.

Here are some more examples: Networks (3.1) and (3.3) are reversible
and, therefore, weakly reversible. Network (3.2) is weakly reversible
(but not reversible). Networks (3.4) and (3.5) are neither reversible nor

weakly reversible.

3.B.3. The deficiency of a reaction network. The ideas discussed in

Sections 3.B.1 and 3.B.2 related solely to the structure of a network as
a (directed) graph. The '"stoichiometry' of the network — that is, the
algebraic nature of its complexes -— played no role. In our discussion
of the deficiency of a network stoichiometry will play a role insofar as
it influences the rank of the network (Definition 2.8). Recall that the
rank of a network is the number of elements in the largest linearly
independent set that can be found among its reaction vectors.

The deficiency amounts to a non-negative integer index with which
reaction networks can be classified. Remembef that, for a fixed reaction
network, we reserved the symbol n for the number of complexes, the symbol
£ for the number of linkage classes and the symbol s for its rank. The

deficiency of a network, denoted §, is defined by
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§:=n-4£-5s. (3.10)

We shall see in the next lecture that the deficiency of a network is never
negative.

By way of example, let us calculate the deficiency of network (1.1),
which is displayed again as (3.7). There are five complexes, two linkage
classes, and the rank of the network is three. (We worked out the rank in
the example following Definition 2.8.) Thus, the deficiency of the net-
work is zero: 6 = 5-2-3 = 0., The very similar networks (3.6), (3.8) and

(3.9) also have deficiency zero. For all of themn=5, £ =2 and s = 3.

Remark 3.1. In fact, it is a simple matter to see that if {Ag » & , R}
and {,g ,;: ,AZ’} are reaction networks with identical linkage classes
then the ranks of the two networks (and hence their deficiencies) are
identical as well. That is, specification of the linkage classes (rather
than the precise nature of the reaction arrows) is sufficient to determine

the rank.*

Let us consider some more examples. For network (3.5) n =9 and
£ =3. Moreover s =6 since a maximal linearly independent set of reaction

vectors is given by
{c-(A+B), D-C, 2E-C, A+E-F, G-F, H-(F+G)} .

Thus, the deficiency of network (3.5) is zero (8§ =9-3-6 =0).

*
This will follow easily from (4.32), which is contained in the next
lecture, and Remark 2.15.
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For network (3.1) n=5, £ =2 and s =2 since the pair B -C and
A (=2A-A) constitute a maximal linearly independent set of reaction
vectors. (Note, for example, that the reaction vector A+B-C is the sum
of B-C and A.) Thus, for network (3.1) & = 5-2-2 =1,

For network (3.2) n=4, £ =1 and s =1. (Each reaction vector is
a multiple of B-A.) Thus, for network (3.2) § = 4-1-1 = 2.

For network (3.3) n=5, £ =2 and s =2. (The reaction vectors
A(=A-0) and B(=B-0) constitute a maximal linearly independent set.) Thus,
for network (3.3) &8 = 5-2-2 =1,

For network (3.4) n=5, £=2, and s =2. (The reaction vectors
A(=A~0) and B-A constitute a maximal linearly independent set.) Thus, for

network (3.4) & = 5-2-2 = 1.

We are now in a position to state the first of our theorems.
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3.C. The Degiciency Zerno Theorem

Basic ideas underlying the theorem I am about to state are due to
Fritz Horn, Roy Jackson and me; they appeared in three articles in 1972
([HJ], [H3], [F2]).) 1In 1974 Horn and I published a brief description
of the theorem in the engineering literature [FH1], and I reported an
improved version of the theorem in 1977 [F3] along with an outline of
the proof intended for graduate students in chemical engineering. Mean-
while in 1973 Horn published three articles in the Proceedings of the
Royal Society which dealt with graph-theoretical aspects of the theorem [H4-6].
Some of the ideas contained in Horn's Royal Society papers are quite
interesting but will not be discussed in these lectures. (For more recent

work along similar lines see [ W ].)

Networks of deficiency zero can contain hundreds of species and
hundreds of reactions. It goes without saying that the induced differen-
tial equations can be incredibly intricate. In rough terms, what the
Deficiency Zero Theorem says is that, no matter how intricate these
equations might be, the resulting phase portraits inevitably have a

certain dull character.
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Theorem 3.1. (The Deficiency Zero Theorem). Let {é R ﬁ ,qu} be any

reaction network of deficiency zero.

(1)

(i1)

(iii)

Remark 3.2.

networks.
and 6.

If the network is not weakly reversible then, for arbitrary

kinetics % » the differential equations for the reaction

system {/} , ﬁ, ﬂ_, K} cannot admit a positive equilibrium

(i.e., an equilibrium in 1IP%¥ ).

If the network is not weakly reversible then, for arbitrary

kinetics K, the differential equations for the reaction

system {j, 5 ’ R ,7(,} cannot admit a cyclic composition

trajectory containing a positive composition (i.e., a point

in 4.

If the network is weakly reversible (in particular, if the

network is reversible) then, for any mass action kinetics

k € IPR’ » the differential equations for the mass action

system {/f , ﬁ ,A,k} have the following properties:

There exists within each positive stoichiometric compatibility

class precisely one equilibrium; that equilibrium is asymp-

totically stable; and there cannot exist a nontrivial cyclic

composition trajectory in IP’& .

In fact there is more that one can say about deficiency zero

These additional assertions I will postpone until Lectures 5

I want to consider how the Deficiency Zero Theorem works in some

examples, and I also want to consider how it fits the facts in the case

of some networks we have already discussed.
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Example 3.C.1. I'11 begin by recalling the very first network we discussed,

(1.1) in Lecture 1. Remember that we gave the network mass action kinetics
(with rate constants indicated by Greek letters in (1.6)), we wrote out

the corresponding system (1.7) of differential equations, and we posed

some questions about them. Despite the complexity of the system (1.7)

we can now answer all the questions we posed. The network (1.1) is weakly
reversible, and we have already calculated its deficiency to be zero.

Thus, part (iii) of the Deficiency Zero Theorem gives the following informa-

tion: Regardless of values of the rate constants there is precisely one

equilibrium in each positive stoichiometric compatibility class; each of

these is asymptotically stable; and there are no periodic (positive) composi-

tion trajectories.

Taken with mass action kinetics the more complicated network (3.6)
induces an even more intricate system of differential equations. Neverthe-
less, network (3.6) is weakly reversible (in fact, reversible) and its

deficiency is zero. Thus, we can make the same statements as those above.

Example 3.C.2. Next I want to consider network (3.8) which is very similar

to (1.1) and (3.6). Here again the deficiency is zero, but (3.8) is not
weakly reversible. Thus, the Deficiency Zero Theorem tells us that,
regardless of the kinetics, the induced differential equations can admit
neither a positive equilibrium nor a cyclic composition trajectory con-
taining a positive composition. This 1s more or less obvious: Species E
is not produced by any reaction, and, as long as species B is present,
the supply of E will dwindle.

The situation for network (3.9), however, is far less transparent.
Here again the deficiency is zero, and (3.9) is not weakly reversible.
But now every species is both produced and consumed by chemical reactions.
Nevertheless, parts (i) and (ii) of the Deficiency Zero Theorem tell us
that, for any kinetics (mass action or otherwise), the induced differential
equations admit no positive equilibrium nor a periodic composition trajec-
tory containing a positive composition. (For the case of mass action
kinetics the appropriate differential equations can be obtained from (1.7)

by setting B equal to zero.)
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Example 3.C.3. Next I want to recall the mass action system studied

by Edelstein:

)
AT 2A
(3.11)
Y €
A+BT>CT——THB
n p
The induced differential equations are
¢, =8 - Bc2 - yc,c, +
€A T %€ A~ YC% T N¢e
cg = (e +n)cC - Yc,cp - Pog (3.12)
é =

c = YcAcB - (E:-+n)cC + pcB

Remember that for some values of the rate constants — in particular for
those shown in (3.1) — the system (3.12) admits three equilibria within

a positive stoichiometric compatibility class. (One is unstable,) Network
(3.11) is weakly reversible (in fact, reversible) but its deficiency is
one (n=5, £ =2, s=2)., Thus, there is no contradiction of the Deficiency
Zero Theorem.

Now consider the slightly different mass action system

(3.13)

A+B —*>*C_—2B ,

for which the induced differential equations are
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2
c —GCA—BCA-ch +nce

A'B C

0
fl

2
(2¢ +n)cC - YcuCp - 2pcy (3.14)

2
Cc = YCuCp (€+n)cC +pcy

In very rough terms the system (3.14) is '"more nonlinear" than the system
(3.12): While the rate of reaction B-C in network (3.11) is proportional
to Cpe the rate of reaction 2B-=+C in network (3.13) is proportional to cg.
At least to the extent that they can be compared, one might expect that
phase portraits for the system (3.14) should be at least as interesting as
those for (3.12).
But the deficiency of the reversible network (3.13) is readily calculated
to be zero (n=5, £ =2, s=3). Thus, for any choice of positive numbers for
the Greek letters in (3.14) the system admits precisely one positive equilibrium;

it is asymptotically stable; and there are no (positive) periodic solutions.

Example 3.C.4. Recall that the weakly reversible network (3.2), when taken

with mass action kinetics, has the property that, for some values of the

rate constants, the induced differential equations admit unstable positive
equilibria and also multiple equilibria within each positive stoichiometric
compatibility class. Recall that the deficiency of the network was calculated
to be two (n =4, £=1, s=1).

Example 3.C.5. We saw that the reversible network (3.3), taken with mass

action kinetics, generates three positive equilibria (one unstable) for
some values of the rate constants. The deficiency of network (3.3) was

calculated to be one.
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Example 3.C.6. It is not hard to show that network (3.4), taken with

mass action kinetics, induces differential equations that admit precisely
one positive equilibrium, regardless of values the rate constants take.
For some values of the rate constants this equilibrium is unstable and is
surrounded by a (posiﬁive) periodic orbit. (Recall Figure 3.4.)

The point here is that network (3.4) is not weakly reversible, but
yet it has the capacity to generate a positive equilibrium and a positive
composition cycle., Parts (i) and (ii) of the Deficiency Zero Theorem are
not contradicted. The deficiency of network (3.4) was calculated to be

one (n=5, =2, g=2).

Remark 3.3. The examples we have studied may lead some readers to draw
two conclusions, neither of which should be drawn on the basis of the
examples alone.

The first is that deficiency zero networks are substantiallv less
common than those of positive deficiency. It should be kept in mind that
our sample has been biased against networks of deficiency zero. Networks
(3.1)~(3.4) were studied precisely because they give rise to unstable
positive equilibria, multiple positive equilibria or periodic composition
cycles. Thus their deficiencies could not be zero. k

The second is that weakly reversible networks of non-zero deficiency
invariably violate the conclusions of the Deficiencyv Zero Theorem, part
(iii). This is false. In fact, there exist networks of positive
deficiency -— both weakly reversible and otherwise — which, when taken
with mass action kinetics, have all the properties given by part (iii).

Delineation of the full class of such networks remains a major outstanding

problem.
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3.0. The Degiciency One Theorem

The Deficiency Zero Theorem tells us, among other things, that all
weakly reversible deficiency zero networks taken with mass action kinetics

induce differential equations that admit precisely one equilibrium in each

positive stoichiometric compatibility class. This holds true regardless
of values the rate constants take and regardless of how complex the
differential equations might be.

It turns out that there is an easily described but even broader class
of networks for which the same statement can be made. This is the subject
of the next theorem I want to discuss. The version I'll give in this
section is a preliminary one. A better version will be stated in Lecture 7,
where I shall indicate what one can say for networks which are not weakly
reversible.¥

Before I can state our next theorem I'll need one more idea: the
deficiency of a linkage class. This is just a simple and obvious extension
of ideas we have already encountered. I have already indicated how one
calculates the deficiency of a reaction network. In the sense of §3.B.1
I can also look at each of the "pieces" of which the network is composed,
and I can calculate the deficiency of each "piece" separately as if it
were a little network by itself. This will give a set of non-negative
integers 61,62,...,62 , one for each linkage class.

Let me be a little more formal. Suppose that {/g',}; ,RL} is a
reaction network with n complexes, £ linkage classes, and suppose that

the rank of the network is s :

s: = rank {y'-y ¢ IRA& tyay' e A (3.15)

Suppose also that, in the sense of §3.B.1, I partition ;: into linkage

classes Ll,Lz,...,Lz . For 6=1,2,...,4 1 denote by ne the number of
complexes in Le , and I define

*
Readers who wish to read the more general version in Lecture 7 will be able
to do so after glancing at Definitions 4.1-4.3 in Section 4.B of Lecture 4.
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sg: = ramk {y'-y e R ty=2y' € R, y € LQ} . (3.16)
That is, se is the rank of the set of reaction vectors corresponding to
reactions appearing in the ‘‘piece" of the network containing complexes in

Le. I define the deficiency of linkage class Le as follows:

§,: = ng - 1 - sg - (3.17)

This, of course, is just what one would compute to find the deficiency of

the "6th piece", viewed as a network by itself.*

Note that
L L L
r 8, = (n.-1) = I s
o=1 ° g=1 O o O
z .
=n-4£ - sy (3.18)
=1

On the other hand, the deficiency of the network as a whole is given by
§=n-4-5s

Moreover, (3.15), (3.16) and elementary considerations in linear algebra give

s, 2 s . (3.19)

*
It is not difficult to see that sg is also given by

g = rank{y'-y € DR); 1y € Le, y' € Le} .
That is, sg (and hence {g) depend only on the set LeC: L and not on
the precise manner in which elements of L% are linked by reaction arrows.
For this reason it makes sense to speak of "the deficiency of linkage
class 19" even though L merely specifies a set of complexes.



3-27

Thus, we have

$ (3.20)

[ e o

6=1

with equality holding in (3.20) if and only if equality holds in (3.19).
To set the stage for the statement of our next theorem I want to
characterize the class of deficiency zero networks in a somewhat different

(and more awkward) way than I have so far. It will be understood that §
denotes the deficiency of a network as a whole while, for 9 =1,2,...,2 ,
66

non-negativity of the de it should be clear that the deficiency zero net-

denotes the deficiency of the pth linkage class. From (3.20) and the

works are precisely those that satisfy both of the following conditions:

(ii) ¢ =

Thus, the Deficiency Zero Theorem permits us to make the following

statement: Consider a weakly reversible network that satisfies both

conditions (i) and (ii). If the network is endowed with mass action

kinetics then, regardless of values of the rate constants, the induced

differential equations admit precisely one equilibrium in each positive

stoichiometric compatibility class.

Our next theorem asserts that this same result obtains even when
condition (i) is weakened considerably: The deficiency of each linkage

class can be as high as one!
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Theorem 3.2 (The Deficiency One Theorem). Let {/X ,5; ,K.} be a

reaction network with £ linkage classes. Let & denote the deficiency

of the network; let & denote the deficiency of the pgth linkage class,

0
6 =1,2,...,£; and suppose that both of the following conditions are

satisfied:

(i1) &6 =

If the network is weakly reversible (in particular, if the network is

reversible) then, for any mass action kinetics k € IPE', the differential

equations for the mass action system {,& ,;2 ,ia,k} admit precisely one

equilibrium in each positive stoichiometric compatibility class.

Remark 3.4. I should explain the sense in which Theorem 3.2 deserves to

be called the Deficiency One Theorem: Networks which satisfy the hypothesis
of the Deficiency Zero Theorem are precisely those which satisfy condition
(ii) and for which the deficiency of no linkage class exceeds zero. By
analogy, (weakly reversible) networks which satisfy the hypothesis of
Theorem 3.2 are precisely those which satisfy condition (ii) and for which
the deficiency of no linkage class exceeds one.

It should be clear, however, that not all (weakly reversible) deficiency
one networks satisfy the hypothesis of Theorem 3.2. In particular the
(weakly reversible) deficiency one networks which fail to satisfy its
hypothesis are precisely those for which the deficiency of each linkage
class is zero. On the other hand, it should also be clear that Theorem 3.2

gives information about certain networks with deficiency greater than one.
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Theorem 3,2 has an immediate corollary:

Corollary 3.3. Consider a weakly reversible network for which there is

but one linkage class. If the network is taken with mass action kinetics

then the induced differential equations can admit multiple equilibria

within a positive stoichiometric compatibility class only if the deficiency

of the network is two or more.

In order to indicate the kind of information Theorem 3.2 and its

corollary give I want to consider some examples.

Example 3.D.l1. Consider the mass action system (3.21):

o Y

2ZAET2B—=2C—1D

B a\\CT ”]/6 <

A+ C

A+D<____ E (3.21)

N7,

C+ETX26

The differential equations for the molar concentrations of the seven

species are:
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2
—2aci-+(28+c)cB - (€+n)cAcC + Gcc - (k+v)cAcD + ECF + ¢cE

cy =

¢ = ac? - (BHy+D)c, +ec,c. +TC

cB = acA - Y+ cB ecA C C

c,. = A (6+1) 2 + 2K - c. + ccz

cc = (2y+D) cg + (N=€)cycp - Ve ¢y = PeCg G

o= - - 3.22
cp = lcC - KcD (k+v)cAcD + EcF + ¢CE ( )
o = A e, - c +0>2+wc

cg = Acpep - (udep = pepey +0cg F

cp = YCACD + Hep - (Ej+u))cF

2
¢ = 2pcccE - ZOCG

We pose the following question: Does the system (3.22) admit multiple
equilibria within a positive stoichiometric compatibility class for some
set of values for the rate constants? Ad hoc study of this question would
require an analysis of a system of seven polynomial equations in seven
variables (the species concentrations) and in which eighteen unspecified
parameters (the rate constants) appear. ‘

Yet almost immediately Theorem 3.2 tells us that for every assignment

of rate constants there exists precisely one equilibrium within each

positive stoichiometric compatibility class: Network (3.21) is reversible,
its deficiency is one, and the deficiencies of its linkage classes are

(from top to bottom) 6, =1, 62 =0 and 6§, = 0.

1 3
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Example 3.D.2. Let us return once again to the Edelstein mass action

system:
8
AT= 2A
(3.23)
Y €
A+B>C— B ,
n p
for which the differential equations are
¢ =8¢ —Bcz— c.c. +nc
A A A T Y% T N¢¢
cg = (E+n)cC - YcAcB - peg (3.24)
cc = YcAcB - (E+ﬂ)cc +peg -

It will be recalled that, for values of the rate constants exhibited in
(3.1), the system (3.24) admits three equilibria within a positive
stoichiometric compatibility class (Figure 3.1). This is Egs_pfecluded

by Theorem 3.2: The deficiency of.network (3.23) is one (n =5, £=2,8=2),
but the deficiencies of the two linkage classes are each zero. Although

condition (i) of Theorem 3.2 is satisfied, condition (ii) is not.

Example 3.D.3. It is interesting to consider a perturbation of the

Edelstein system obtained by adding two reactionmns:

A= 2A

YT ”0 (3.25)

£
A+BTIZ2C— B .

n P
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The corresponding differential equations are:

_ 2
cy = (8 T)cA - BcA —‘YcAcB + (n+0)cC
cg = (€+-n)cC -—‘YcAcB - ocB (3.26)
o = YCACB - (€+n+0)cc +-pcB +TcA .

Whereas the Edelstein system (3.23) has the capacity to generate multiple positive
equilibria within a stoichiometric compatibility class, one might expect
similar behavior from the system (3.25). In particular, one might imagine
that if rate constants are chosen as in (3.1) and if T and o are taken
to be very small positive numbers then the differential equations (3.26)
should admit multiple positive equilibria as do those shown in (3.24).
Yet, Corollary 3.3 tells us that this is not the case. The deficiency
of network (3.25) is one (n=5, £ =1, s=3) and it contains but one linkage
class. Thus, regardiess of values of the rate constants there is precisely

*¥ In particular, if one chooses rate constants for

one positive equilibrium.
the Edelstein reactions as in (3.1) then, no matter how small one chooses
T and 0, the locus of equilibria shown in Figure 3.1 collapses under the

perturbation, and only one point on that locus persists as an equilibrium.

(The equilibrium that persists is determined by the ratio T/0.)

Remark 3.5. It is natural to conjecture that networks which satisfy the
conditions of Theorem 3.2 might have all the properties described in part
(iii) of the Deficiency Zero Theorem, not merely the existence of a unique
equilibrium in each positive stoichiometric compatibility class. 1In fact,
this is false. Paul Berner produced rate constants for network (3.25) such
that the sole positive equilibrium given by Corollary 3.3 is unstable and
such that numerical solution of (3.26) indicates the existence of an attrac-

tive periodic orbit on which the species concentrations are positive.

*Unlike network (3.23), the rank of network (3.25) is three so that its

stoichiometric subspace coincides with IR¢ ., Thus, IP is a positive
stoichiometric compatibility class for network (3.25), and it is the only one.



3-33

In the next three remarks I shall provide counterexamples to show
that none of the three ingredients in the hypothesis of Theorem 3.2 —
weak reversibility, condition (i) and condition (ii) — can be omitted

without modifying the theorem statement in some other way.

Remark 3.6. It should be clear that the absence of weak reversibility
might preclude the existence of positive equilibria. What is perhaps less
obvious is that the absence of weak reversibility can affect the uniqueness
of equilibria within a positive stoichiometric compatibility class.

Consider the simple mass action system
o B
2A+~—A+B— 2B . (3.27)

The reaction vectors are B-A and A-B so that the stoichiometric subspace
is just the line spanned by B-A. The positive stoichiometric compatibility
classes are just those parts of lines parallel to span (B-A) which lie in

i . For the network shown in (3.27) n=3, £=1 and s =1. Thus the
deficiency of the network is one and, since there is just one linkage class,
conditions (i) and (ii) of Theorem 3.2 are satisfied.

The differential equations for (3.27) are

0
\

A = (a-Blc,cy
(3.28)

]
"

(B—a)cAcB .

Note that if o # B there are no positive equilibria. On the other hand
when o = B every composition is an equilibrium point, and there are an
infinite number of equilibria within each positive stoichiometric compati-
bility class.

Although (3.27) satisfies both conditions (i) and (ii) of Theorem 3.2,
the network is not weakly reversible, and that is the source of the problem.

This example demonstrates that one cannot merely drop weak reversibility
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from the hypothesis of Theorem 3.2 and still hope to assert that, regardless
of the rate constants, there will exist gg_gggE_onehequilibrium within
each positive stoichiometric compatibility class.

It will turn out, however, that one can replace the weak reversibility
condition in Theorem 3.2 with a substantially less stringent graphical
condition® and still assert that, for all values of the rate constants,
there can exist within a positive stoichiometric compatibility class at
most one equilibrium. This more general result is part of the better

version of the Deficiency One Theorem I shall state and prove in Lecture 7.

Remark 3.7. To see that condition (i) cannot be dropped from the hypothesis
of Theorem 3.2 we need only recall the network (3.2) studied by Horn and
Jackson. It is weakly reversible and, since it contains just one linkage
class, condition (ii) is satisfied trivially. On the other hand the
deficiency of the network is two (n=4, £ =1, s=1) so that condition (i)

is not satisfied. Recall that when the network is taken with mass action
kinetics there exist rate constants such that the induced differential
equations admit three equilibria within each positive stoichiometric

compatibility class (Figure 3.2). -

*
The condition is that each linkage class contain no more than one terminal
strong linkage class. See Definitions 4.1-4.3 in the next lecture.
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Remark 3.8. That condition (ii) cannot be dropped from the hypothesis
of Theorem 3.2 has already been demonstrated in our discussion of Example
3.D.2. The Edelstein network (3.23) is reversible, and condition (i) is
satisfied since the deficiency of each linkage class is zero. On the
other hand the deficiency of the entire network is one so that condition
(ii) is not satisfied. For certain values of the rate constants the
system of differential equations (3.24) admits three equilibria within a
positive stoichiometric compatibility class (Figure 3.1).

The situation is similar for the reversible network (3.3). There are
two linkage classes, each of deficiency zero, but the deficiency of the
entire network is one. Recall that for certain values of the rate constants

the induced differential equations admit three positive equilibria (Figure 3.3).

Deficiency one networks arise frequently in applications, particularly
in contexts like that in Example 2.E.2 (Lecture 2) wherein certain species
concentrations are regarded time-invariant. As I indicated in Remark 3.4
the (weakly reversible) deficiency one networks which fail to satisfy the
hypothesis of Thecrem 3.2 are precisely those for which each linkage class
has deficiency zero.

Unfortunately, this is a common situation. We should not, however,
infer from the examples discussed in Remark 3.8 that, when taken with
mass action kinetics, all (weakly reversible) deficiency one networks
that violate condition (ii) invariable give rise to multiple positive
equilibria for some assignment of rate constants. Consider, for example,
the reversible Brusselator:

0= A—8B

(3.29)
2A + B — 3A .

The deficiency of the network is one, and the deficiency of each linkage
class is zero. It is easy to confirm by ad hoc means that, for every
assignment of rate constants, the induced differential equations admit

precisely one positive equilibrium.
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Apparently, then, some deficiency one networks which violate the
hypothesis of Theorem 3.2 have the capacity to generate multiple positive
equilibria when taken with mass action kinetics, but others do not. 1In
view of the importance of deficiency one networks in applications, we would

like to be able to distinguish between these in a systematic way. This

will be the subject of Lecture 8.

In the next lecture we shall begin to lay the groundwork for proofs

of the Deficiency Zero and Deficiency One Theorems.



1aken from a scanned copy of “Lectures on Chemical Reaction Networks,” given by
Martin Feinberg at the Mathematics Research Center, University of Wisconsin-Madison
in the autumn of 1979.

LECTURE 4: SOME DEFINITIONS AND PROPOSTTIONS

My purpose in this lecture is to accumulate some technical material
that will eventually play a role in proofs of both the Deficiency Zero
Theorem and the Deficiency One Theorem. Because some of the material
will find no use for quite a while, this lecture will require a small
amount of patience from the reader. Although I could have developed
certain results at the point of first use in later lectures, there are
two reasons for not proceeding in this way. First, many of the definitions,
propositions and corollaries in this lecture are so strongly interrelated
that there are clear advantages in having them all recorded in one place
to be drawn upon as the need arises. Second, I think the price paid here
for the resulting stockpile of technical material will be more than offset
by a smoother, uninterrupted flow of ideas in subsequent lectures.

In Section 4.A I provide some background for the balanCe of this
lecture. 1In particular, I try to supply some movitation for the questions
we shall ask. 1In Section 4.B I discuss some properties of a reaction net-
work that derive solely from its structure as avdirected graph. Thus, in
Section 4.B the nature of the reaction arrows plays the dominant role,
while the precise character of the complexes sitting at the heads and tails
of the reaction arrows plays virtually no role at all. In Section 4.C I
begin to investigate some interplay of "stoichiometry'" — that is, of the
algebraic nature of the complexes — with a network's graphical structure.
Finally, in Section 4.D I present a proposition which is somewhat dis-
connected from everything else in this lecture but which will play an
important role in our study of the existence and uniqueness of positive
equilibria.

Some of the definitions given in this lecture are new. Others merely
serve to make formal certain ideas we have introduced in an informal way
in previous lectures. Still others were actually recorded before but are

repeated here for the reader's convenience.



4.A. Some Motivation

Before proceeding to the substantive part of this lecture I want to
supply some motivation for the results we shall accumulate. In particular,
I want to provide an indication of how the various objects discussed in
some of the propositions (and their corollaries) will ultimately play a
role in subsequent lectures.

Recall that the (vector) differential equation for a reaction system

{&,g,ﬂ,%} is given by

e
fl

2‘7(},_,},, () (v'-y) . (4.1)

In particular, the differential equation for a mass action system

{/g,§,£.,k} is given by

. _ Yoo
c _2’ ky_’y‘ c (Y Y) s (4-2)

where, for each y ¥ ,
Ji= 1 ¢ P (4.3)
From the discussion of notation in Lecture 1 it should also be recalled that

{wy € IR; tyelp } . (4.4)

is the standard basis for IRg .

I am now going to reformulate equations (4.1) and (4.2). To do this

I shall require three mappings. For a network {,g,?,ﬂ,} let Y:IR® - IR}

be the linear transformation defined by its action on the standard basis

z

for R as follows:

wa=y,Vy€§. (4.5)
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4

Moreover, let V¥: P~ - §¢ be defined by

¥(c) r Jw g (4.6)

th

that is, the "y component" of Y(c) is given by

Y (c) = .
y
Finally, for each k ¢ IPR' let Ak: ]Rc -+ IRF be the linear transformation
defined by
Ak(x) =Tk « x (w ,—wy) . (4.7)

With very little effort one can see that the differential equation (4.1)

for a reaction system {/, ;,K,K} can be written
¢ = Y,[é' Ky-+y' (c) (wy,—wy)] (4.8)

and that the differential equation (4.2) for a mass action system

{j »fsR,k} can be written

c = YAk‘P(c) . (4.9)

Now if we want to study the equilibrium points of the differential
equation (4.8) we must ask when ¢ € P is such that the bracketed
vector in (4.8) lies in the kernel of Y . Thus, it is clear that we
should know something about kerY. 1In fact, we can go a little further:

Since, for every c € 'I_P" , the vector

5 K ogr (@) imw)
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lies in the linear subspace of IRC’ spanned by the set
{w_,-w_«€ IRc s y=>y'}l, (4.10)
y vy

we should pay particular attention to that part of ker Y that meets the
span of (4.10). (The dimension of the intersection will turn out to be

the deficiency of the network.) There is still something more that we can
say: Recall that each of the rate functions in (4.8 ) take non-negative
values and that they all take positive values on ]P" (Remark 2.4 ).

Thus, we should be especially interested in that part of ker Y that contains

elements of the form

where the OLy—ry' are non-negative or, when we study strictly positive

equilibria, where each «o ¢« 1s positive.
y->y

Similarly, if we want to study the equilibrium points of the differen-
tial equation (4.9) we must ask when ¢ € TP is such that V¥(c¢) 1lies
=¥
Ir

in the kernel of YAk . Note that since V¥(°) takes values in we

shall be especially interested in
ker YAk ﬂ P ¥ .
Note also that, when ¢ 1is positive (i.e., when ¢ lies in TP “), Y(c)
is also positive (i.e., V¥(c) lies in ¥ ). Thus, when we study strictly

positive equilibria of (4.9) we shall want to know something about the

nature of

ker YA (] rY .
Since we have the obvious inclusion

ker Akc kerYAk s
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we can begin to study the structure of kerYAk by first studying ker Ak'

With these considerations kept in mind, the reader should have some
sense of how the results we shall compile in this lecture will ultimately
find use.

There is one final observation we might make. The mappings Y and V¥
for a reaction network {A:,F,/Z} are heavily influenced by stoichiometry —
that is, by the nature of the complexes contained in & — but not at all
By the "reacts to" relation R . Just the reverse is true of the mapping
Ak and the set (4.10), for while R enters their construction in a very
direct way, & merely plays the role of an index set. In this sense, Ak
and the set (4.10) are objects that relate to the structure of a network
essentially through its graphical character, and we can study these objects
without paying much attention to the stoichiometrical information carried
by the set L . In fact, we shall begin by investigating how a network's
graphical structure influences the nature of the set (4.10) and proper-

ties of the mapping Ak'

4.8. Some Graphical Aspects of Reaction Netwonks

The "reacts to'" relation £ gives a reaction network its character
as a directed graph. The complexes play the role of the "vertices" while
the reactions play the role of the (directed) "arcs." The 'reacts to"
relation in turn induces other relations in the set of complexes. As we
explore these it will be understood that we are considering a fixed

reaction network {4,5,R1} .
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Definition 4.1. Two complexes y € & and y' € { are directly linked

if y-+y' or if y'+y . If y and y' are directly linked we write
y+>y'. Two complexes y € {r and y' €& are linked if any of the
following conditions are satisfied:
(1) y=y'
(ii) y<y'
(iii) P contains a sequence {yl, yz,.'..,yk} such that
‘A Fhas FRadERE S Mhas AN

If y and y' are linked we write y ~y'. The equivalence relation ~
induces a partition of ¥ into a family of equivalence classes {Le}

called the linkage classes of the network. We reserve the symbol £

for the number of linkage classes in a network.

Definition 4.2. A complex y € ¥ |ultimately reacts to a complex y' € &

if any of the following conditions are satisfied:
(1) y=y'
(11) y-~y'
(1ii1) ¥ contains a sequence {yl, yz,...,yk} such that
Vs e PRERTIS (s AP

If y wultimately reacts to y' we write y =>y' . Two complexes y €l

and y' € £ are strongly linked if both y =>y' and y' = y. If y

and y' are strongly linked we write y = y' . The equivalence relation
= dinduces a part:it:ion of £ into a family of equivalence classes {Ap}

called the strong linkage classes of the network.




Remark 4.1. Clearly y »y' implies that y-~y'. Thus, every strong
linkage class lies within a linkage class. In fact, every linkage class
is the disjoint union of strong linkage classes.

The linkage classes of a reaction network correspond to what, in

graph theoretical terminology, are sometimes called the weak components

of a directed graph, and the strong linkage classes correspond to what are

sometimes called the strong components. (See, for example, Harary fH11.)

Unfortunately, in chemical terminology the word "component' is sometimes

used as a synonym for "species."

Definition 4.3. A terminal strong linkage class is a strong linkage class

A with the property that no complex in A reacts to a complex not in Ao

that is, y € A and y-y' imply that y' is in A . We reserve the

symbol £ for the number of terminal strong linkage classes in a network.

An example or two might help clarify the intent of the definitioms listed

thus far.

Example 4.1. Consider the network

D+E
A+B —*C

7\

2F

F+A G .

The linkage classes are: {A+B, C, D+E, 2F} and {F+A,G}; thus, £ = 2.
The strong linkage classes are: {A+B},{C,2F}, {D+E} and {F+A,G}. The

terminal strong linkage classes are: {D+E} and {F+A,G}; thus, £ = 2
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Example 4.2. Consider the network

C —mD+E —F

|

A+B — G —H

\ 7

2J .

There is but one linkage class: {C,A+B,D+E,F,G,H,2J} ; thus, £ = 1.
The strong linkage classes are: {C,A+B}, {D+E,F}, {G,H,2J} . The terminal
strong linkage classes are: {D+E,F} and {G,H,2J}; thus, £ = 2.

Remark 4.2. It should.be clear that for any network each linkage class
contains at least one terminal strong linkage class. Thus, £-4£ > 0;

and, as Examples 4.1 and 4.2 indicate, equality may or may not obtain.

Definition 4.4. A reaction network is reversible if, for that network, the

"reacts to" relation (+) is symmetric — that is, if y'-+y then y-=>y' .

Neither of the networks displayed in Examples 4.1 and 4.2 is reversible.

However, the network

A+B =—C —D

D+C —E

is reversible.
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Definition 4.5. A reaction network is weakly reversible if, for that net-

work, any of the following (equivalent) conditions is satisfied:

(1) The "ultimately reacts to" relation ( =>) is symmetric; that
is, whenever y=> y' we also have y'=>y .
(1i) Each reaction is contained in a directed cycle; that is, when-
ever y > y' we also have y' =>y .
(iii) Each linkage class is a strong linkage class.

(iv) Each linkage class is a terminal strong linkage class.

It is an easy exercise to check the equivalence of (i)-(iv). Neither
of the networks shown in Examples 4.1 or 4.2 is weakly reversible. Recall,

however, that the network

AT 2B

A+C_—— D

N/

B +E

is weakly reversible. Clearly, every reversible network is also weakly

reversible, but, of course, the converse is not true.

Remark 4.3. As we shall see, the coincidence of the linkage classes and
terminal strong linkage classes makes for a certain pleasantness in
dealing with weakly reversible networks. Some, but not all, of the nice
features a weakly reversible network enjdys derive simply from the fact
that the number of its linkage classes is identical to the number of its
terminal strong linkage classes (i.e., % = £). A network need not be
weakly reversible for it to have this property — recall Example 4.1 —
and it often happens that cerEgin asseftions that hold true for weakly

reversible networks carry over (perhaps with minor modifications) to

networks for which % = £.
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We are now in a position to state the first of three propositions in
this lecture. It will give important qualitative information about the
structure of the kernel of the linear transformation Ak discussed in
Section 4.A. Although I introduced Ak in consideration of a mass action
system (with k the vector of rate constants), I prefer to regard Proposition
4.1 merely as a technical result about a family of linear transformations
induced by a network's graphical structure. That is, in Proposition 4.1
I attribute no particular "chemical" interpretation to k . As we shall
see, Proposition 4.1 acts as a '"master proposition" from which several
results follow, some (e.g., Corollary 4.3) having implications for reaction
systems which are not necessarily mass action.

v

Recall from Lecture 1 that if x 1is an element of 1R then the

support of x 1is defined by

supp x: = {yel¥ : X, # 0}.

Proposition 4.1. Let L!’,;?,ﬁl} be a reaction network with terminal

strong linkage classes {Al, A2,...,At}, let k be any vector in IPR',

and let Ak: IRc -’-IRc be the linear transformation defined by

Ak(x) = é ky-*y' ‘xy(wyv_wy) .

2

Then the kernel of Ak has a basis {xl, b4 ,...,x't}C i & such that

supp xi = At , 1=1,2,...,% .
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Remark 4.4. Proposition 4.1, which is crucial to a lot that we shall do
tells us that no matter how k € ]P‘L is chosen the kernel of Ak maintains
a definite relationship to the graphical structure of the network (4,5 ,R}

from which Ak derives. In particular, ker Ak will always have dimension £,

where % 1is the number of terminal strong linkage classes in the network.

Moreover, ker Ak will have a nice basis: In that basis there will be a

i
vector x corresponding to terminal strong linkage class ‘A" such that

x; >0 forall ye A" and x; =0 for all y ¢ At

Readers familiar with theorems of the Perron-Frobenius type will realize
that these might provide the basis for a proof of Proposition 4.1. However,
one then has the job of drawing connections between the matrix language
employed, for example, in Gantmacher's book [ G] and the essentially
graphical language introduced thus far. Things get a little awkward. With
this in mind Horn and I gave what amounts to a '"from scratch" proof of
Proposition 4.1 in the appendix of reference [FHZ.* That proof, which is
essentially graph-theoretical in spirit and which makes no use of Perron-
Frobenius theorems, is a little too long to include here. Instead I refer
interested readers to [FHZ]. For a Perron-Frobenius argument in the narrower
context of weakly reversible networks readers should see the appendix of an

earlier article by Horn [H3].

In the following corollary to Proposition 4.1 we address the question
of when ‘ker Ak contains a strictly positive vector — that is, an element
of B?g .

*Definition 8 in [FH2] is incorrectly constructed and should read as
Definition 4.2 here. However, Definition 8 plays no role either in the
statement or proof of the proposition in the appendix of [FH2], which is
the same as Proposition 4.1 here apart from trivial differences in
terminology and notation.
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Corollary 4.2. Let {J ,; ,R.} be a reaction network, let k be any

vector of IPR’ , and let Ak be as in Proposition 4.1. Then

ker A ] r?

is non-empty if and only if the network is weakly reversible.

Proof. Suppose the network is not weakly reversible. Then there exists a
complex § € & that does not reside in any terminal strong linkage class;
otherwise the linkage classes would coincide with the terminal strong linkage
classes, thereby ensuring weak reversibility. Since, by virtue of Proposi-
tion 4.1, every vector in ker Ak is a linear combination of vectors with
support in the terminal strong linkage classes it must be the case that
%5 = 0 for every x € ker Ak' Thus, ker Ak N DP;' is empty.

On the other hand if the network is weakly reversible then every
complex is a member of some terminal strong linkage class. 1In this case
the sum of the basis vectors described in Proposition 4.1 is a member of

ker A N BY . /1)

Corollary 4.3. Let {,&,ﬁ,,o@} be a reaction network. There exists

a € ]P‘L such that

‘2- ay >y (wy,-wy) =0 (4.12)

if and only if the metwork is weakly reversible.
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Proof. First we shall prove the existence of the required o when the
network is weakly reversible. Let k be any vector of IPR' , and let
Ak be as in Proposition 4.1. From the weak reversibility of the network

and Corollary 4.2 we have the existence of X € ker A N P . Thus,

k ' ;cy(w

b -W =0 .
g vy 'y)

y

To obtain the desired o ¢ IPR' we let

U ryt T KRysyr Xy o Vyoy' e R

Next, we shall suppose that the network is not weakly reversible, and

we shall show that there can exist no o € IPR' that solves (4.12). Suppose

[~

that such an o exists. Let Aon: RY + R be as in Proposition 4.1:

a e X (W y~w) . (4.13)
y y

12

Moreover, let x € IR be that vector such that §y =1 for all yef .
Since o satisfies (4.12) we have from (4.13) that Aa(;() = 0. Thus, x

lies in ker Aoc ﬂ IP; » Which contradicts the conclusion of Corollary 4.2.
/1]
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Remark 4.4. 1In Lecture 6 we shall discuss the notion of complex balancing.

This simple idea, introduced into chemical reactor theory by Horn and
Jackson {[HJ], has surprising and profound uses in the study of the differen-
tial equations for reactors with intricate chemistry. 1t happens that
equation (4.12) and Corollary 4.3 have such a natural interpretation in
terms of complex balancing that we would do well to give that interpretation
here, at least in an informal way.

Consider a reaction network {I ,,R }. For each ye & 1let

R.

y > ly»y'eR:y' €% }

and (4.14)

{yt»yeR:vy' €l }

Ry

That 1is, ﬁLy+ [resp., RL+y] is the set of all reactions that have y as the
reactant [product] complex. Now let O be an element of i;EL (not neces-

*
sarily strictly positive). The left side of (4.12) can be rearranged to give

b) (2 a, - I o PDwo . (4.15)
y *y y*y y

Thus, o satisfies (4.12) if and only if

I oa,,, - I a ,,=0,yyel . (4.16)

*
If either &—»y or R y» 1s empty the corresponding sum in (4.15) will
be understouu to be zero.
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Now if, for each y-+y' € R , we think of « as a "current"

)
flowing from complex y to complex y' then, for Zacz vy € %, we can
think of the yth component of the vector (4.15) as the net current
flowing to complex y from all other complexes. Thus, (4.16) describes
a condition wherein, for each complex, the total current flowing to that
complex is exactly balanced by the total current flowing away from that
complex. In this sense we would say that a € ﬁsﬁL satisfying (4.16) or,
equivalently, (4.12) is complex balanced.

What Corollary (4.3) asserts is that there exists a strictly positive
R

complex balanced o - that is, a complex balanced o in TP

-~ if and
only if the network {/,¢,R} 1is weakly reversible. For what amounts

to a more direct proof of the "only if" part (without recourse to Proposition
4.1) see Horn's proof of Theorem 2B in [H3]; his Theorem 4B in the same

article gives the "if" part as well.

In Section 4.A. I indicated why the set (4.10) will have some importance
for us.. Here I denote that set by the symbol A' : For a reaction network

{4.0.R} 1let

¢

Ay = {wy,-wy e RY :y->y'} . (4.17)

Since y + y' implies that y and y' are linked (y ~ y') it follows that

A' is contained in the set
A: = {w_,-w_ € IR; 1y ~y'} (4.18)
y y
and that
span(A') C span(d) (4.19)

In fact, we have the following:
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Lemma 4.4. For a reaction network {j/,é,f?.} let A' and A be as
in (4.17) and (4.18). Then

span(A') = span(4d) . (4.20)

Proof. In light of (4.19) it is enough to show that span(A) is contained in
span(A') or, equivalently, that A is contained in span(A'). Suppose that
wy,—wy is a member of A . Then y' and y are linked, and one of the
three possibilities listed in Definition 4.1 must obtain. If y = y', then
wy.-wy =0, and .—wy lies in span (A'). If y and y' are directly
linked (y +»y') then either y-+y' or y'-+y so that either wy-wy, or

w ,—wy is a member of A'; in either case wy,-w is a member of span(A').
If § contains a sequence {yl,yz,...,yk} such that

Y Y Yy ey, oy

k

then, by the argument immediately preceding, the vectors

are all members of span(A'). So then is their sum, wy,-wy. /17

Lemma 4.5. Let {(ﬁ,}g,ﬁa} be a reaction network with n complexes and £
linkage classes, and let A' and A be defined as in (4.17) and (4.18).
Then

dim[span(A')] = dim[span(A)] = n-£ . (4.21)
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Proof. By virtue of Lemma 4.5 we need only prove the last equality in
(4.21). Let {Ll,Lz,...,Lz} be the linkage classes of the network, and,
for 8 =1,2,...,4, let

Ae: = {wy,—wy € IRG t vy E Le, y' € Le} . (4.22)
Then
A= Cﬁ n®
8=1
and
1 2 L
span(A) = span(A™) & span(A°) & ... & span(4d). (4.23)

Now let ng denote the number of complexes in Le, and let those complexes
be denoted yl,yz,. «+s¥n_ - Then any element of Ae can be written as a
linear combination of the linearly independent set

{w -w

s W =W, e
v Y17 Y3 ¥q Ya, Y

Thus, dim span(Ae) = ne—l. From (4.23) it follows that

ya
dim[span(A)] = EZ (ne—l) = n-£ . 11/
=1

In preparation for our next lemma we recall from Lecture 1 some matters
of notation. Let {,",6 ,R} be a reaction network with linkage classes
{Ll,Lz,...,Lz}. Recall that w g4 € IR; is the characteristic function for
the set LeC G . That is, wL is the vector of TR

|2
L9

is unity for each vy € Le and is zero for each vy ¢ Le. Recall also that

whose yth component

IR¢ is endowed with the standard scalar product.
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Lemma 4.6. Let {} ,C,R} be a reaction network with linkage classes
{Le} 2 and let A be defined as in (4.18). Then the set

6=1,2,

{w g cr” (4.24)

6=1,2,...,2

4
is a basis for [span(A)] .

Proof. It is obvious that each element of (4.24) is orthogonal to each
element of A and, therefore, to each vector of span(i). Moreover, the

set (4.24) is clearly linearly independent. Since dim(l‘Rc ) = n, where n

is the number of complexes in § , it follows from Lemma 4.5 that the dimension
of the orthogonal complement of span (A) is n - (n-£) = £ . Thus, (4.24)

is a basis for [span(A) ]-L .11/

Remark 4.5. Let {4,0 ,R} be a reaction network. From Lemma 4.6 we have
that a vector g ¢ IR; lies in span(A) if and only if

g°wLe =0, 86=1,2,...,0 .

That is, g 1lies in span (A) or, equivalently, in span(A') if and only if

L =0,6=1,2,...,0 .
gy

y&:L6
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We are now in a position to state our next corollary of Proposition 4.1.
For a network {f,f ,R} it is clear that, for any k ¢ PP , the linear
transformation Ak takes values in span(A) — that is, the image of Ak
lies in span(A). We shall be interested to know when imAk is identical
to span(A). '

Corollary 4.6. Let {/},%,R} be a reaction network, let k be any element

of IPR' , and let Ak:IR$ + R%  be as in Proposition 4.1. Then

imAk = span(A) (4.25)

if and only if each linkage class of the network contains precisely one

terminal strong linkage class. In particular, (4.25) holds if the network

is weakly reversible.

Proof. Since imA ~ is contained in span(A) we need only examine circum-
stances under which the dimensions of these linear subspaces of ]Rr' are
identical. From Lemna 4.5 we have that dim span(A) = n-{£, where n is the
nunber of elements in ¥ and £ is the number of linkage classes in the
network. Since dim (IRc ) = n, it follows from Proposition 4.1 and the
standard theorem relating the dimensions of the domain, kernel and image

of a linear transformation that

dim (imAk) = n-t , , (4.26)

where £ is the number of terminal strong linkage classes in the network.

Thus,

dim span(A) - dim imp = -1, (4.27)

so (4.25) holds if and only if £t = £ — that is, if and only if each linkage
class contains precisley one terminal strong linkage class. This condition

holds trivially for weakly reversible networks. ///
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Remark 4.6. Note that when the graphical condition in Corollary 4.6 is

satisfied, the image of is in fact independent of any particular
Lfhe image of is in ot

choice of k € IPR’ ; rather, im A depends only on the nature of the

linkage classes of the network. To some extent it is this fact that

makes networks for which £ = £ (and weakly reversible networks in
particular) relatively easy to study. When & exceeds £ the location

of im Ak in ]R; will generally be influenced by k .

4.C. Some Intenplay 0§ Stoichiometry and Graphical Structure

The definitions and results recorded in Section 4.B pertained entirely
to the graphical structure of a network {4,6 ,R}. Our focus was
exclusively on the "reacts to" relation R , and "stoichiometry" — that
is, the precise nature of the complexes in ¥ - played a role only insofar
as the elements of ¥ provided names for the vertices of a directed graph.
Inwhat follows, however, the complexes of a network will enter our analysis
in a more forceful way as we examine some interplay between the network's
stoichiometry and its graphical character.

We begin by recalling some definitions from lecture 2.

Definition 4.6. The reaction vectors for a network {/4,0 ,R} are the

members of the set

{y'-y € ]R} iy +y'}. (4.28)

The rank of the network is the rank of its set of reaction vectors. We

reserve the symbol s to denote the rank of a network. The stoichiometric

subspace for the network is the span of its reaction vectors. We
reserve the symbol S to denote the stoichiometric subspace of a network.

(Note that dim S = s.)
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In the next definition we give official status to the linear transformation

Y introduced in Section 4.A.

Definition 4.7. For a reaction network {; ,5 ,R_} the stoichiometric

map Y:IR"" -*IR'& is that linear transformation defined by its action on the

standard basis for ]R; as follows:

wa=y,Vy€¢- (4.29)

Remark 4.7. Let {,é,ﬁ,ﬂ/} be a reaction network. Since, for any pair
¥y, y' € &, we have

y'-y = Y(wy.-wy) ,

it is clear that the set of reaction vectors for the network is given by the
image of the set A' (defined in (4.17)) under the map Y. Thus, the stoichio-
metric subspace for the network is given by the image of span (A') under Y.

In fact, we have from Lemma 4.4
S = Y[span(A')] = Y[span(A)] . (4.30)

Moreover, from Corollary 4.6 and (4.30) we have the following: Let k be any
R , and let Ak:IR‘

Then, if each linkage class of the network contains precisely one terminal

element of T +R% be constructed as in Proposition 4.1.

strong linkage class, the stoichiometric subspace is given by

S=7Y[im A ] = im YA (4.31)

*
In particular, (4.31) holds if the network is weakly reversible.
For future reference we also record the following easy consequence of

(4.30): For any reaction network {J4,5 ,R}

S = span{y'-y ¢ IR" ty~y'}. (4.32)

*For a more extensive discussion of conditions under which (4.31) holds see [FH2].
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Now we recall our definition of deficiency:

Definition 4.8. The deficiency (denoted §) of a reaction network is defined by

§: =n-L-s ,

where n is the number of complexes in the network, £ is the number of

linkage classes in the network, and s is the rank of the network.

In Section 4.A I indicated why, for a given network, it is worth knowing
something about the intersection of the kernel of Y with span (A') (or, equiv-
alently, with . span(d) ). Our next proposition ties the deficiency of the

network to the dimension of that intersection [F2].

Proposition 4.7. Let {},Q,R_,} be a reaction network. If Y:]R; + 1R

is the stoichjometric map for the network, if

A: = {wy,jwy € IRC ty ~y'},

and if & is the deficiency of the network, then

8 = dim[ker Y [) span(d)] .

In particular, if the deficiency of the network is zero then

ker Y [} span(d) = {0} .
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A

from the standard theorem relating the dimensions of the domain, kernel,

Proof. Let Y: span(A) » IR be the restriction of Y to span(A). Then,

and image of a linear transformation, we have

dim span(A) = dim ker ¥ + dim im ¥ . (4.36)

From Lemma 4.5 we have dim span(A) = n- £. Moreover,

im Y = Y[span(A)] ,

which, from Remark 4.6, is just S, the stoichiometric subspace of the network.

But dim S = s, where s 1is the rank of the network. Finally,

ker Y = ker Y rw span(A)

Thus, rearrangement of (4.36) gives

dim[ker Y r) span(A)] =n- £ - s = §. /1]

Remark 4.8. We note in passing that Proposition 4.7 ensures that the

deficiency of any reaction network is non-negative.
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Remark 4.9. Let {4,¢ ,R} be a reaction network, and let

g= I g_ w (4.33)
yel y vy
be an element of -H{;' . In Remark 4.5 we observed that g lies in span(A)
if and only if
Ze gy =0, 6=1,2,...,4, (4.34)
yel

where {Ll,Lz,...,Lz} are the linkage classes of the network. If Y 1is the
stoichiometric map for the network then we can operate on both sides of (4.33)

to see that g 1lies in ker Y if and only if

z gy =0. (4.35)
yefp 7
Thus, g lies in kerY r] span(A) if and only if it satisfies both (4.34) and
(4.35). If the deficiency of the network is zero we have from Proposition
4.7 that the only solution to (4.34) and (4.35) is the trivial g=0. 1If
the deficiency of the network is one we have the existence of a non-zero g
that solves (4.34) and (4.35), and the only other solutions are scalar

multiplés of g .

At the beginning of the next lecture we shall want to know when the
reaction vectors of a network are such that strictly positive linear combina-
tion of them can give the zero vector. That is, we shall want to know when,

for a reaction network {A,C ,R_}, there exists o g TP R such that
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f%, ay—>yv(y'-y) =0.

We begin to address this question in our first corollary of Proposition 4.7,

=3
Corollary 4.8. Let {f,G%,R} be a reaction network. Then a & R  satisfies

the equation

s 0L (y'y) =0 (4.37)

if it satisfies the equation

I o W ,~w ) =0. 4. 38)
3 gy By 7y) (

Moreover, if the deficiency of the network is zero then o satisfies (4.37)

only if it also satisfies (4.38).

Proof. Drawing upon the stoichiometric map for the network, we can rewrite

equation (4.37) as follows:

Y[ Z a W y=w )] =0. 4.39)
(2 0y, p (yemu)) (
Thus, if a € IRR' solves (4.38) it also solves (4.37). To prove the last

part of the corollary we suppose that o solves (4.37) and, therefore, (4.39).
Since the quantity in brackets on the left side of (4.39) is clearly a member

of span (A) we must have the inclusion

' 1= ' .40
‘)i & sy (wy wy) € ker Y {] span(d) (4.40)

If the deficiency of the network is zero then Proposition 4.7 ensures that the

&

set on the right side of (4.40) contains only the zero vector of TR

Thus, o satisfies (4.38). ///
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Corollary 4.8 is stated in terms of o in IR , not necessarily in

IPR' or even ﬁR’. Next we focus on strictly positive solutions of (4.37).

Corollary 4.9. Let {},; ,R} be a reaction network of deficiency zero.

Then there exists o € TP R that satisfies

3 1_y) = 0 4.37
2 ay-*y'(,y Y) 0 (4.37)

if and only if the network is weakly reversible.

Proof. This is an immediate consequence of Corollaries 4.3 and 4.8. ///

Remark 4.10. A network which has a non-zero deficiency may admit a strictly

positive solution to (4.37) even if the network is not weakly reversible.

For example, the network

2A —*+ A + B «— 2B

is not weakly reversible and has a deficiency of one (n=3, £=1, s=1).

Equation (4.37) takes the form

(A+B - 2A) + o (A+B-2B) =0 .

%A +A+B 2B -+ A+B

A strictly positive solution is given by a2A+A+B =1, Oon SA4B 1.
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Taken together, Corollaries 4.8 and 4.9 tell us that for all weakly
reversible networks of deficiency zero there will exist strictly positive
solutions to (4.37) and that all such solutions will also satisfy (4.38).

In our next corollary we address the situation for weakly reversible networks
of non-zero deficiency.

Corollary 4.10. Let {4 ,&,R} be a weakly reversible network of non-zero
deficiency. Then there exists o € IP‘L' that satisfies (4.38) and, therefore,
(4.37). Moreover, there exists a € PR  that satisfies (4.37) but not (4.38).

Proof. The existence of o ¢ IP':L satisfying (4.38) is given by Corollary 4.3.
Since the deficiency of the network is non-zero it follows from Proposition 4.7

that there exists a non-zero vector g in
ker Y r1 span(A)

From Lemma 4.4 we have that span(A) = span(A'). Consequently, g lies in

-8
span(A') so that there exists B € IR satisfying

g = Zi By_+y.(wy.—wy) . (4.41)

Now let o ¢ IPQ' solve (4.38) and choose A e P to be sufficiently large

so that

a: =B + X o (4.42)

is a member of IPF{ . From (4.41) and (4.38) it follows that

=Za_ . .4
g E_ayw.(wy.-wy) (4.43)

Since g 1is non-zero, (4.43) ensures that o does not satisfy (4.38). To see
that a satisfies (4.37) we need only recall that g lies in ker Y; acting with
Y on both sides of (4.43) we obtain

"-y) . /11
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Remark 4.11. Corollaries (4.8)-(4.10) lend themselves to interpretation

in terms of complex balancing (Remark 4.4). Recall that for a network
{,J',C,p-} we said that an element o € IP R is complex balanced if it
satisfies (4.38). Our focus on non-negative o in Remark 4.4 was merely
intended to facilitate a "physical" interpretation of the complex balancing
condition. Henceforth we shall say that any element o € IRR (not necessarily
non-negative) that satisfies (4.38) is complex balanced. With this in mind,

we can then state the following: For a network {4,%,R}:

(1) All complex balanced o € IRg are solutions of (4.37). [Corollary 4.8]

(ii) If the deficiency of the network is zero then all o € ]Rﬂ' that
solve (4.37) are complex balanced. [Corollary 4.8]

(iii) If the network is not weakly reversible then, regardless of its
deficiency, there exists no complex balanced « € IPR' . [Corollary 4.3]

(iv) If the network is not weakly reversible and its deficiency is zero then
there exists no a € IPFL that solves (4.37). [Corollary 4.9]

(v If the network is weakly reversible then, regardless of its deficiency,
there exists a complex balanced a € IPR' that solves (4.37).
[Corollaries 4.8-4.10]

(vi) If the network is weakly reversible and its deficiency is non-zero

R

then there exists o € IP that solves (4.37) and is not complex

balanced. [Corollary 4.10]

Ideas like these, which turn out to be surprisingly important, were studied

in [F2] and [H3].

In Section 4.A 1 attempted to provide a small amount of motivation for
the collection of results we have assembled thus far. There I indicated why
for a mass action system {4, C,R,k}, it would be helpful to know something,
about the nature of kerYAk, where Y is the stoichiometric map for the
network and Ak is the linear transformation constructed as in Proposition 4.1.
In fact, Proposition 4.1 was motivated by the idea that ker Ak is part of
ker YAk' In our next corollary we show that for networks of deficiency zero,

ker Ak is all of kerYAk.
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Corollary 4.11. Let {}/, ﬁ,ﬁ,} be a reaction network of deficiency zero,
and let k be any element of IPR' . If Y:RY +IR'& is the stoichiometric

map for the network and Ak: IR(' +]Rr’

is as in Proposition 4.1 then

kerYAk = ker A_k .

Proof. Since ker A is obviously contained in ker YAk we need only show

that kerYAk is contained in ker A.k For x € ker YA.k we have

Akx € kerY .

Since A.k takes values in span(A), where A is defined for the network by

(4.18), we have in fact the inclusion
A.kx € kerY ﬂ span(4) .

Thus, from Proposition 4.7, Ak x =0 so that x is contained in ker A'k’
and we have kerYAk = ker Ak 1/

Remark 4.12. Corollary 4.11 tells us that, for a zero deficiency network

{/{ . ,R}, the structure of kerYA.k ispfrecisely that given by Proposition
4.1, regardless of the value that k £ IP takes. 1In particular,

dim kerYAk is equal to the number of terminal strong linkage classes in
the network. If each linkage class contains precisely one terminal

strong linkage class then, obviously, dim kerYAk is equal to the number

of linkage classes. This last statement admits a generalization for net-

works of arbitrary deficiency?
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Corollary 4.12. Let {},F ,R} be a reaction network for which each

linkage class contains precisely one terminal strong linkage class, and

R

let k be any element of TP . If Y is the stoichiometric map for

the network, if Ak is as in Proposition 4.1, if ¢ is the deficiency of

the network and if £ is the number of its linkage classes then

dim(ker YAk) = £ + 8. ‘ (4.44)

In particular, (4.44) holds if the network is weakly reversible.

< A

Proof. For the linear transformation YAk: IR -+ IR we have the standard
relationship between the dimensions of the domain, kernel and image. Since

dim R¥ =n (the number of complexes) we have

dim ker YAk =n - dim imYAk . (4.45)

Because each linkage class contains precisely one terminal strong linkage
class we know (Remark 4.7) that imYAk\ = §, where S 1is the stoichiometric

s, where s 1is the rank of the

]

subspacé-of the network. Moreover, dim S

network. Thus, from (4.45),

]
=]
|
®

dim ker Y Ak

= £ + 8. 11/
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Remark 4.13. For networks having more terminal strong linkage classes
than linkage classes equation (4.44) need not hold. In fact, it need not
hold even when the number of linkage classes in (4.44) is replaced by the
number of strong terminal linkage claﬂsses. For such networks dim ker YAk

may depend on the particular k £ IP with which Ak is constructed.

Consider, for. example, the network
2A ~— A+B — 2B , (4.46)

for which there are two terminal strong linkage classes — {2A} and {2B} —
and one linkage class, {24, A+B, 2B}. It is not difficult to show that,

for kA+B+2A = K, p ops dim ker YA = 3 while, for k £k

dim kerYAk = 2.

The problem with network (4.46) is that, for at least certain values of

A+B ~ 2A A+B -+ 2B°

k, :LmYAk need not coincide with S, the stoichiometric subspace of the network.
(Recall that this coincidence played a role in the proof of Corollary 4.12.)

An extensive discussion of the relationship between imYAk and S for networks
in general is given in [FH2]. From results contained there it is not difficult

to show that, for any network {},’,’l ,R} and for all k ¢ IP';L , one has
!Z+6$dimkerYAk_<_t+6 , (4.47)

where & 1is the deficiency, £ is theknumber of linkage classes, and £ 1is
the number of terminal strong linkage classes. Moreover, for all k ¢ IPR
strict inequality holds in the lower estimate of (4.47) provided that
t-42>8 (or, equivalently, n - £ -~ s < 0 , where n is the number of
complexes). Note that for (4.46) 6 =1, £ =1 and £ =2 so that this

condition is not satisfied.
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4.D. A Proposition Concerning the Natwre of Equilibria

Before closing this lecture I shall need one more proposition.
Because it is somewhat disconnected from those results we have accumulated
so far I should provide some additional motivation for what we are about to

do. I begin by recalling some definitions stated in Lecture 2.

4

Definition 4.9. Let {},t;,ﬂ} be a reaction network, and let SC IR
P2

‘be its stoichiometric subspace. Two vectors c € IP and c'e TP

are stoichiometrically compatible if c¢'-c¢ 1lies in S. Stoichiometric

compatibility is an equivalence relation that induces a partition of iz

[resp., TP ] into equivalence classes called the stoichiometric

compatibility classes [resp., positive stoichiometric compatibility classes]

for the network. 1In particular, the stoichiometric compatibility class
containing c¢ € ﬁ”& is the set (c+8) r] P » and the positive stoichio-

metric compatibility class containing c € E”} is the set (c+58) r] P

In proving parts of both theorems stated in Lecture 3 I shall have to
show that, under certain circumstances, the differential equations for a
mass action system ﬁ;,;;,i{, k} admit precisely one equilibrium point in
each positive stoichiometric compatibility class. To go this I will show
that, under the given circumstances, the set of all positive equilibrium

points is identical to the set

A L
E: = {ce T :lnc -1lnc* S 1}, (4.48)

&

complement (relative to the standard scalar product in 1R ) of the

1
where c¢” is a fixed element of TP” , where S is the orthogonal
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stoichiometric subspace for the network, and where 1nc is that vector

of IR’é defined by
(lnc), =1lnc, , Vs e/&. (4.49)

Thus, to show that each positive stoichiometric compatibility class contains
precisely one equilibrium it will be useful to know that the set E meets
each positive stoichiometric compatibility class in precisely one point.

' and ¢ are stoichiometrically

Uniqueness is easy: Suppose that ¢
compatible and are members of E . From stoichiometric compatibility we

have that
¢'' -ce 8, (4.50)
and, from (4.48), it follows easily that

Inc' - Inc € s+ | (4.51)

Thus, from (4.50) and (4.51) we have

0 = (c¢'-¢) ‘.(ln c'-lnc) = L (¢'" -¢){nc" -1nc.) . (4.52)
7 Q} 5 4 P 5

Since the function 1n: P +IR is strictly monotonically increasing, (4.52)

can hold only if, for all 4 e} s C'A = ¢, — that is, only if c'=c .

It is somewhat more difficult to show that each positive stoichiometric
compatibility class in fact meets E. The argument I shall give is essentially
a variation of that given by Horn and Jackson [HJ, Section 4]. The result
we seek will emerge as a consequence of our next proposition. In preparation
for its statement we review some matters of notation. If x is a member

of IR'& » then eX e ]P} is defined by

X

(ex)5=eb, Vbe}« .
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4

If x and y are members of 1R , then xy € IR'J; is defined by

(xy), =%y, , V4 e/; .

4

In particular, for a € IR and x € IR we have

(ae’), =ae , v sef.

Vi

In Proposition 4.13 IR is endowed with the standard scalar product.

Proposition 4.13. Let /;4 be any finite set, let IR be the vector space

generated bz}, let S be a linear subspace of ]R} , and let a and b

be elements of TP . There exists a (unique) vector U € S+ such that

ae -b

is an element of S.

4

Proof. Let ¢: IR +IR be defined by

%
p(x): = I (ab e - bbxb) . (4.53)

sef

Straightforward computation shows that the gradient of ¢ at x is given

V6(x) = aeX-b (4.54)

& &

and that the Hessian of ¢ at x, H(x): IR -+ 1R , is given by

H(x)Y = (aeX)y . (4.55)
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Moreover, for each x € IR , B(x) is positive-definite: For all non-zero
Y € ]R’;
X *s 2
YeH(x)Y = Yeae'y = L a,e (Yg) >0 . (4.56)
sef
Thus, the function ¢ is strictly convex.
Next we wish to show that, for any non-zero x € HU} ’
lim ¢(ox) = = . (4.57)
o ®
Note that
0LxA
o(ax) = I (abe - bégé) (4.58)

sef

Note also that, for X, # 0, the positivity of a, and bA give

ox
lim (a e 4. oab x) =0o, (4.59)
5 .
Q>
while for gé = 0 we have
0LxA
- = . 4,
(aA e o bAXZ) a, » \f a e R (4.60)

Thus, for x # 0, (4.58)-(4.60) imply (4.57).
Now let ¢: Sl'-+IR be the restriction of ¢ to Sl'. Since ¢ is
continuous and convex so is 5 . Thus, the continuity of 5 and a standard

result for convex functions give that the set

C: = {x e S+ :¢(x) < $(0)} (4.61)
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is closed, convex (and obviously contains the zero vector). Moreover, it
follows from (4.57) that C contains no half-line with end-point O .
Since, in a finite-dimensional vector space, every unbounded closed convex
set containing O must contain a half-line with end-point 0 — see [SW],
p.105 — it follows that C dis bounded and therefore compact.

Thus, there exists Y € C such that

(W <9(x) , YxecC. (4.62)

In fact, from the definition of C we have

PG < ¥ , Y xesh. (4.63)
Thus, for all Y ¢ Si' s
=4 7
0 =4p dtu+ 9Y)|6=0

= 35 o+ )|
6=0

= Vo(y) Y

It follows that V¢(u) must lie in S so that, from (4.54), we have the

inclusion
M
ae ~besS. (4.64)

Thus, Y € Sl' satisfies the requirement of the proposition.

To prove uniqueness we presume that u' € Sl' also satisfies the inclusion

ae! -bes. (4.65)
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From (4.64) and (4.65) we have

\J

u

a(e -eu)E:S,

and, since u'-y 1lies in S'L, we must have

' 3 3
0= (u'-w - fa(e” -1 = I a @, -u) *e?). (4.66)

sef ®

Since each aA is positive and since the exponential function is strictly

monotonically increasing, (4.66) can hold only if, for all 4 € ,J’ R

u')‘S =y, — that is, only if u' = u . 11/

Remark 4.14. There is an interesting observation that can be made here.

With IR‘& and S as in Proposition 4.13 it is a standard result in linear

algebra that any b € ]R/’ has a unique representation

ES‘L,x €S .

b=x, +x,, X 2

1

Taking a, =1 for all 4 e} in Proposition 4.13, we obtain a similar

P
(but deeper) result: Any positive b € IR — that is, any b e P —

admits a unique representation

1

b=e + U ,ult»:S‘L,uzes.

2
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Corollary 4.14. Let { }, C,R } be a reaction network with stoichiometric

subspace S C lR/; . For any * e IP" the set

* L
E:={c€IP'& tIlnc - Inc € S}

meets each positive stoichiometric compatibility class in precisely one point.

Proof. Let p be an arbitrary element of IP'& . We shall show that E
meets the positive stoichiometric compatibility class containing p in
precisely one point. That there can be at most one such point was proved
in the discussion prior to the statement of Proposition 4.13. To prove
the existence of such a point we note that Proposition 4.13 ensures the

existence of u ¢ S'L such that

Fef-pe s. (4.67)
Now let ¢ € IP} be defined by
c: = c¥eM . (4.68)

From (4.67), (4.68), and Definition 4.9 it is clear that ¢ lies in the
positive stoichiometric compatibility class containing p. Taking logarithms
of both sides of (4.68) we obtain

|
Inc - Inc* = ues (4.69)

Thus, ¢ 1lies in E as well. ///

Having assembled a reasonable 'bag of tools', we turn now to proof of

the Deficiency Zero Theorem.



1aken from a scanned copy of “Lectures on Chemical Reaction Networks,” given by
Martin Feinberg at the Mathematics Research Center, University of Wisconsin-Madison

in the autumn of 1979.

LECTURE 5: PROOF OF THE DEFICIENCY ZERQ THEOREM

Although our proof of the Deficiency Zero Theorem will be fairly clean,
the course we'll take is a little indirect. Readers will notice that,
in a few places, we study networks of arbitrary deficiency, showing that,
when special conditions prevail, the corresponding differential equations
have exceptionally nice properties. Only then do we prove that those

special conditions prevail automatically for networks of deficiency zero.

In this way we can begin to accumulate certain results which, while
especially pertinent to deficiency zero networks, have some bearing on
networks of higher deficiency as well. These results will ultimately find
use in subsequent lectures.

Recall that, for a reaction system {j,§ ,R,,K}, the induced (vector)

differential equation is
(.:= z 7( c ‘- . 5.1

In particular, for a mass action system {A¥,57,A1,k} the (vector) differen-

tial equation is

p y
c = é kyosyr © y'-y) , (5.2)
where
y
J:= T c, 4 . (5.3)
A€

For the convenience of the reader we repeat the Deficiency Zero Theorem

here:
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Theorem 5.1 (The Deficiency Zero Theorem). Let {/J ,§ ,)Q.} be any

reaction network of deficiency zero.

(i) If the network is not weakly reversible then, for arbitrary kinetics

# > the differential equations for the reaction system {/4,% ,R ,X1}

cannot admit a positive equilibrium (i.e., an equilibrium in TP ).

(ii) If the network is not weakly reversible then, for arbitrary kinetics

% , the differential equations for the reaction system {4,% ,R, XK}

cannot admit a cyclic composition trajectory containing a positive

composition (i.e., a point in TP ).

(i1ii) If the network is weakly reversible then, for any mass action kinetics

k € IPR’ » the differential equations for the mass action system

{4 .,%,£,k} have the following properties: There exists within

each positive stoichiometric compatibility class precisely one

equilibrium; that equilibrium is asymptotically stable; and there

cannot exist a nontrivial cyclic composition trajectory in IP'J,

Remark 5.1. Once we have proved Theorem 5.1 in Section 5.A and make comments
on the proof in Section 5.B we shall, in Section 5.C, indicate how the state-

ment of the theorem can be sharpened.



5.A. Proo §

Our proof of Theorem 5.1 will be divided into three parts. First we
shall prove the relatively easy parts (i) and (ii). Second, we shall prove
part (iii) on the basis of the assumption that the differential equations
for the mass action system {},F ,R ,k} admit a positive equilibrium
(not necessarily one in each positivé stoichiometric compatibility class).
Finally, we will prove that the differential equations do indeed admit a

positive equilibrium.

5.A.1  Proof of parts (i) and (ii). We begin with the following lemma

(for networks of arbitrary deficiency endowed with arbitrary kinetics).

Lemma 5.2. The differential equations for a reaction system {/ﬂ,g R LK)

admit an equilibrium in ]PA or a cyclic trajectory containing a point

4

in only if there exists a € rR that satisfies the equation

y(y'-y) =0 . (5.4)

Proof. Suppose that c* g IP is an equilibrium for (5.1). Then

LK (DG =0. (5.5)

Since supp c* = /5’ we have

supp y Csupp c* , VYyel . (5.6)

Thus, from our definition of a kinetics (Lecture 2) we have
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7f-y+y-(<:*) >0 , yYy»y eR . (5.7)

Let a € ]PR' be defined by

o i =K Lo, yyoy e R . (5.8)

From (5.5) it follows that o satisfies (5.4).

Now let c¢:[0,T] - TP be a solution of (5.1) such that ¢(0) = ¢(T).
Since, from the definition of a kinetics, each of the rate functions
Ky+y,(°) takes non-negative values and is continuous, it follows that,
for each y-+y' € & , the composite function W y+y'(E(')) takes non-
negative values and is continuous. Integrating (5.1) with respect to time

over the interval {0,T] we obtain

_ T - '
0= L[ [gK o eNdly'=y) . (5.9)

Note that each of the integrals in (5.9) is non-negative. Now suppose
that there exists t; € [0,T] such that E(tl) is a member of TP .
Then, from an argument virtually identical to that given at the beginning

of this proof, we have

Ky+y.(?:(tl)) >0 , ¢¥y»y' ek. (5.10)

This and the continuity of the ﬂy-*y'(E(.)) ensure that each of the

integrals in (5.9) is in fact positive. Letting a € IPR' be defined by

T

Oy syt = f 7Cy+y.(?:(t))dt , (5.11)
0

we see from (5.9) that o satisfies (5.4). 17/
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To complete the proof of parts (i) and (ii) of Theorem 5.1 we merely
combine Lemma 5.2 with Corollary 4.9, which asserts that if {} &R} is
a deficiency zero network which is not weakly reversible then there can

exist no o € IPR' that satisfies (5.4). /17

4

5.A.2. Proof of part (iii), given the existence of an equilibrium in IP” .

At the outset we will focus on a fixed mass action system 4,80.R, )

without supposing that the network {},Q,K } is of deficiency zero. Recall

4

from Lecture 2 that the species formation rate function f: i3 -+ 1R for

the mass action system {} ,6 ,R ,k} 1is given by

-~ Y/
f(c) = ’)%- ky Syt© (y'-y) . (5.12)

Thus, the differential equation (5.2) is just
¢ = f(c) . (5.13)

Recall also from Lecture 4 (Section 4.A) that the species formation rate

function can be cast in the form

f(e) = YAk‘l’(c) s (5.14)
where Y:IR + IR is the stoichiometric map for the network {#,0 ,ﬂ 1,
where Ak:]R'; -+ IR& is constructed for the mass action kinetics k € IPR
as in Proposition 4.1, and where ¥ :fl -+ ]—f5 is given by

Y) = ¢ Juw , (5.15)

ye & Y

{wy € ]Rc : y el } denoting the standard basis for ]Rc .
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If c* € ﬁ) is an equilibrium of (5.13) — that is, if f(c*) = 0 —

then, from (5.14), we must have the inclusion

Y(c*) £ ker YAk .

It may happen that we have in fact the stronger inclusion

Y(c*) € ker A_k . (5.16)

Now if there exists a positive equilibrium, c¢* ¢ IP” | satisfying the special
condition (5.16) then, surprisingly enough, one can say quite a bit about
the quality of solutions to (5.13). This was first observed by Horn and
Jackson [HJ], but some of the arguments I give [F3] are rather different

from theirs.
Throughout our discussion it will be understood that the functions

£, Y, Ak and ¥ are constructed as above for the fixed mass action system
{} ,@ ,R ,k} under consideration. Logarithms of positive vectors are
taken component-wise as in Lecture 1. Many of our results will derive from

the following proposition:

Proposition 5.3. Let {;,& »R ,k} be a mass action system with stoichio-

metric subspace S CIR and species formation rate function f:ﬁ} -+ lR’& .

If there exists c¢* € IP” such that

Ak‘{’(c*) =0, (5.17)

then

f(c) *» (Inc-Inc*) <0 , Ycel . (5.18)

Moreover, for c¢ € P the following are equivalent:

(i) f(c) *(Inc=-Inc*) =0
(11)  Inc - Inc* lies in st

(iii) Ak‘P(c) =0
(iv) f(e) = 0.
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it follows that VY(c*) is strictly positive (¥(c*) ¢ IPG ), w‘riereupon (5.17)

Remark 5.2. Since c¢* in Proposition 5.3 is strictly positive (c* € P

requires that Ak have a strictly positive vector in its kernel. Thus,

from Corollary 4.2, the hypothesis of Proposition 5.3 can be satisfied

only if the network {J,5,&} is weakly reversible.

4 4

Proof of Proposition 5.3. Let u:IP + IR be defined by

u(e): = 1lnec - 1lnc*x . (5.19

4

From (5.3) it is easy to confirm that, for ce " ,

I = (enyY ITH(D) Vyel . (5.20)

4

Therefore, from (5.12) and (5.20) we have for all c e TP

f(c) = EZ, ky_*y.(c*)y ey.U(c)(y‘—y) . (5.21)

4

From (5.19) and (5.21) we have for all c £ P

f(c) *(Inc -1lnc*) = z ky+y'(c*)y ey.U(c)(y“u(c)—y'u(c) ) . (5.22)

Now the exponential function has the following well-known property:

For any o' and o in IR

L
ea(a'—a) < e - &% (5.23)

with equality holding if and only if o' = o . Using the estimate (5.23)

termwise in (5.22) we obtain



£(c) *(Inc -Inc¥) < 2ky+y,(c*)y(ey"U(c) LIy veert (5.2

with equality holding if and only if

u(e) < (y'-y) =0 , VYy+y' ekR . (5.25)

Using the orthonormality of the standard basis for IRg’ , we can rewrite

the right side of (5.24) as

oY _ . y"eu(e) P
["EL ky yypr (@70 m0)) ] y"ZE‘; e W (5.26)

But the term in brackets in (5.26) is just Ak‘i’(c*) which, by hypothesis,
is just the zero vector of ]:R6 . Thus, the right side of (5.24) vanishes
for all ¢ ¢ IPZ so that (5.22&) is equivalent to (5.18).

To show that (i) and (ii) are equivalent we note that equality holds
in (5.24) and, therefore, in (5.18) if and only if ¢ € ]P'& satisfies (5.25).
Since the stoichiometric subspace for the network is just the span of its

reaction vectors, (5.25) is equivalent to the inclusion
1
Inc - 1nc* = pu(e) e S . (5.27)

Next we show that (ii) implies (iii). From Remark 5.2 we know that
the network {1,5 R} is weakly reversible so that its terminal strong
linkage classes coincide with its linkage classes, which we denote

L

Ll, L2,.. .,L” . Moreover, we have from Proposition 4.1 the existence

of a basis {xl,xz,...,xE}Cﬁ; for ker Ak such that

supp x6 = Le , 0 =1,2,...,L. (5.28)
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Thus, from (5.17), VY(c*) € IP¢ has a representation of the following kind:
There exist (positive) numbers kl,...,kz such that

Y(e*) = I (c®) w

vel
2

= I ( I (%)Y )
6=1 yel y
£ )

= I gx (5.29)
6=1

The second equation in (5.29) follows from the fact that § is the disjoint
union of the linkage classes. From (5.28) and the third equation of (5.29)

it follows easily that

2oy w o= Axd L, 8=1,2,....2 (5.30)
y 6
yel
This is to say that the set
£ 2 (exY w, € 7 .- 1,2,...,2 )} (5.31)

yel

4

is also a basis for ker Ak' Now suppose that c € TP is such that (ii)

holds or, equivalently, that
1
u(e) € S . (5.32)

where u(c) 1is as in (5.19). From (5.32) and (4.32) we have that
y'*u(c) = y*u(c) whenever y' and y are linked. That is, there exist

numbers 51,...,££ such that
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yeu(e) = Ee » VWyE Le . (5.33)

From (5.15) and (5.20) we have

¥(e) = I o w

yEQ

= T (C*)y eY°U(C) w
yep y
¢ (e)

= I (I (cxY MO
6=1 y€Le v
L ¢

= 1 e & Ly (ex) w ) . (5. 34)
6=1 yel y

Since (5.31) is a basis for ker Ak it follows from (5.34) that AkW(c) =0.
That (iii) implies (iv) follows immediately from (5.14). That (iv)
implies (i) is trivial. //l/

Corollary 5.4. Under the hypothesis of Proposition 5.3 the differential

equations for the mass action system {4,%,A ,k} admit precisely one

equilibrium in each positive stoichiometric compatibility class.

Proof. From the equivalence of (ii) and (iv) in Proposition 5.3 the set

of equilibria in TP coincides with the set

y

» L
E={ceP tIn¢g - 1nc* € S } . (5.35)

From Corollary 4.14 this set meets each positive stoichiometric compatibility

class in precisely one point. ///



5-11

Remark 5.4. Under the hypothesis of Proposition 5.3 we have, from the
equivalence of (iii) and (iv), that every equilibrium in IP'x satisfies
(iii). Thus, any positive equilibrium satisfies the condition imposed
on c* in the hypothesis of Proposition 5.3, and any of them might have
served as c¢* 1in the statement of the proposition. With this in mind
we can, when the hypothesis of Proposition 5.3 is satisfied, think of

c* as a fixed but arbitrary positive equilibrium for the mass action

system {} ,6 Rk} .

Remark 5.5. Under the hypothesis of Proposition 5.3 we have from Corollary
5.4 a great deal of information about the nature of equilibrium points for
the differential equations of the mass action system {[,g A »k} . Now

we would like dynamical information as well. We shall proceed by means of

Liapunov functions.
For fixed c* ¢ IP" let h:IP’Z + IR be defined by

h(c) = 4(-2: [CA(ln Cy 1n CA* -1) +CA*] . (5.36)

Clearly,

h(c*) =0 . (5.37)

Moreover, from the strict concavity of the logarithm function we have, for

each 4 E,x‘ and each ¢, > 0 ,

Z)
Inc —1nc*>—1— c, - ¢ %) (5.38)
4 4 T ¢ J) S
J)
with equality holding if and only if ¢, = CA*. From this we obtain
h(e) 20 , c # c* . (5.39)

Moreover, straightforward computation gives
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Vh(c) = Inc - 1n c* . (5.40)

4 4

From (5.40) the Hessian of h at ¢ € P” , G(c): R” ~» ]R;; is given by

s, VY e‘m}, (5.41)

=1
G(a)Y = <

b

where (Y/C)A = YA/CA . Note that for all ¢ ¢ ]P'é and all non-zero Y £ IR

YeG(e)Y = I Y. /e, >0 . (5.42)

sef

4

Thus, the Hessian of h is positive~definite at each c € IP so that h

is strictly convex.

We are now in a position to state our next corollary of Proposition 5.3.

Corollary 5.5. Under the hypothesis of Proposition 5.3 and with c¢* as in

that proposition, let h:]P'J -+ IR be as in (5.36). Then, for all c ¢ ]P’x s

Vh(c) * f(c) <0 (5.43)

with equality holding if and only if £(c) = 0.

Proof. This is an immediate consequence of (5.40) and Proposition 5.3. ///
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Remark 5.6. Suppose that the hypothesis of Proposition 5.3 holds, that c*
is as in that proposition and that h(*) is as in (5.36). 1In rough terms
Corollary 5.5 tells us that, for any positive solution c(*) of (5.2), the
function h(c(*)) 1is non-increasing along that solution and is decreasing

except at equilibrium points. That is,

Vh(c(t)) * e(t)

= he(e)

Vh(c(t)) * £(c(t))

<0 (5.44)

with equality holding if and only if &(t) = f(c(t)) =0 .

Corollary 5.6. Under the hypothesis of Propositon 5.3 the differential

equations for the mass action system {5 G ,R,k} admit no nontrivial

cvclic composition trajectories in IP'J .

4

Proof. Suppose that ¢:{0,T] > P
that c(0) = c(T). With c* as in Proposition 5.3 let h:IP'g + IR be as
in (5.36). Then

is a nonconstant solution of (5.2) such

T

h(c(T)) - h(e(0)) = f d_dt h(c(t))dt

0

T
= f Vh(c(t)) « £(c(t))dt (5.45)
0

From Corollary 5.5 we have that the integrand is non-positive and, since the
solution is nonconstant, that the integrand is negative at some ¢t ¢ [0,T].

This and the continuity of Vh(c(s)) « £f(c(+)) give us

h(c(T)) < h(c(0)). (5.46)

But this contradicts the supposition that <c(T) = c(0). ///
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Corollary 5.7. Under the hypothesis of Proposition 5.3 each equilibrium

in T } for the differential equations of the system {,g , L2 ,R ,k}

is asymptotically stable (relative to initial conditions in the positive

stoichiometric compatibility class containing that equilibrium.)

Proof. Let c* ¢ D?} be as in Proposition 5.3. Note that c* is an
equilibrium and is the only equilibrium in the positive stoichiometric
compatibility class containing c¢* (Corollary 5.4). Recall (Lecture 2)
that composition trajectories having a point in the stoichiometric
compatibility class containing c* lie entirely within it. Note also
that the positive stoichiometric compatibility class containing c* is
open in the relative topology on the stoichiometric compatibility class
containing c¢*. Now let h:IP - IR be as in (5.36), and let h be
the restriction of h to the positive stoichiometric compatibility class
containing c¢*. From (5.37), (5.39), Corollary 5.5 and Remark 5.6 it
follows that h is a strict Liapunov function for c¢* on the positive
stoichiometric compatibility class containing it. (See, for example,
Hirsch and Smale [HS].) Thus, c¢* 1is asymptotically stable relative to
initial conditions in its positive stoichiometric compatibility class.
From Remark 5.4 it follows that the same argument can be made for any

equilibrium in IP/g . 11

Remark 5.7. From Corollaries 5.4, 5.6, and 5.7 we now have that any mass

action system {Aﬁ,gé,ﬁl,k} which admits a positive equilibrium c* satisfying
AkW(c*) =0 (5.47)

will have the property that its differential equations have all the qualities
described intpart (iii) of the Deficiency Zero Theorem. Thus far in

Section 5.§’ we have placed no restriction on the deficiency of the network

{,x ,Q ,R,} under discussion. The connection with deficiency zero networks

comes from the following:
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Proposition 5.8. Suppose that the differential equations for a mass action

system {,g,ﬁ,R,,k} admit an equilibrium in IP/& . If the network

{/&,é,ﬁl} has deficiency zero then the hypothesis of Proposition 5.3 is

satisfied.
Proof. Let c* e TP be an equilibrium. Then, from the discussion
preceding Proposition 5.3, we must have

¥(c*) € ker YAk . (5.48)
Since the network has deficiency zero Corollary 4.11 gives

ker YA.k = ker A.k (5.49)

Thus, (5.47) holds. /17

Remark 5.8. Let {,g,ﬁ ,ﬁ_} be a network of deficiency zero. For any
k € IPQ' » Remark 5.7 and Proposition 5.8 tell us that the differential

equations for the mass action system {} ,@ ,/Q,,k} will have all the

properties described in Theorem 5.1, part (iii), so long as those differen-

tial equations admit a positive equilibrium. From part (i) of Theorem 5.1

(or, alternatively, from Remark 5.2 and Proposition 5.8) we know that no
such equilibrium can exist if the network is not weakly reversible. If,
however, the network i1s weakly reversible and we can show that, for any
k € IPQ’ , the differential equations for the mass action system

{,& ,0,R ,k} admit even one equilibrium in IP’& , then part (iii) of
the Deficiency Zero Theorem will have been proved. This we do in
Section 5.A.3,
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5.A.3. Proof of the existence of a positive equilibrium. We will follow

the line of argument in [H3], which in turn draws on ideas in [ F2]. Our

purpose is to show that if {,8 yC,R} 1is a weakly reversible deficiency
zero network then, for any k € ]PR‘ » the differential equations for the
mass action system {/} ,6,R,k} admit an equilibrium in IP . If

Y:IRG + IR is the stoichiometric map for the network and if, for fixed
but arbitrary k € PP R . Ak: IRg’ -+ IRe is as in Proposition 4.1, we

seek c* ¢ P such that

YAk‘Y(c*) =0, (5.50)
where ‘Y:ﬁ'é - ﬁc’ is given by
¥(e) = £ Ju (5.51)
veo 7
with
y
& = I cé 4 . (5.52)
sef

Since, from Corollary 4.11, we have for zero deficiency networks

ker YAk = ker Ak , (5.53)
we must in fact seek c* £ TP such that
Y(c*) £ ker Ak . (5.54)

In the spirit of Section 5.A.2 we shall find it useful to begin by
considering an arbitrary weakly reversible network {,8 ,ﬁ,ﬂ} (of
arbitrary deficiency) and by finding conditions on k € IPQ’ such that
there exists c* € TP satisfying (5.54). (That we need only consider
weakly reversible. networks follows from Remark 5.2.) Then we will show
that for weakly reversible deficiency zero networks these conditions are

2

satisfied for all ke IP*-,
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By way of preparation we let {} ,€,R} be an arbitrary network
(not necessarily weakly reversible) for which Y:IR¥” -+ IR® is the
stoichiometric map. The transpose of Y is that linear transformation

YT:]R‘/ > ]R¢ such that

(YTz)-x=z°Yx, Vze]R/g ,Vxe]Re (5.55)
It is easy to confirm that
T
Yz = I (y*z)w_ . (5.56)

vel Y

Let Ll,Lz,. ..,LK be the linkage classes of {} N ,R—}. Recall that,

for 6 =1,2,...,2, wLe is the characteristic function on Le ; that is,

W, = , 8 =1,2,...,2. (5.57)

6 I w
L yi—:Le y

We turn now to an easy but important consequence of Proposition 4.7.

Lemma 5.8. Let {},Q ,ﬂ,} be a reaction network of deficiency 6 , and

let n be the number of complexes in § . If Y:]R,; > ]R‘g is the
== ? == -

stoichiometric map for the network and Ll,Lz,...,L are its linkage classes,

then

. T =q -
dim{im Y~ + span(le,sz,...,sz)] =n-§ . (5.58)

In particular, if & = O then

¢

T | _
imyY + span(le,sz, . .,wLK) = IR . (5.59)
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Proof. With ACIR(} as in Proposition 4.7 we have from that proposition
dim[ker Y [) span(A)] = & . (5.60)
Since dim 1R¢ =n we have from (5.60)
4
dim[ker Y [)] span(d)] =n-§& . (5.61)

However,
L 1 L
[ker Y ﬂ span(A)] = (ker Y) + (span(4)) . (5.62)

From the well known relationship between the kernel of a linear transformation

and the image of its transpose we have
1 T
(ker'Y) = im Y . (5.63)

Moreover, from Lemma 4.6

4
[span(A)] = span(le,sz,...,sz) . (5.64)

Combining (5.61)-(5.64) we obtain (5.58). When 6 = 0 (5.58) tells us
that the linear subspace of lR‘; on the left of (5.59) has the same

dimension as IRr’ and therefore must coincide with it. i

Lemma 5.8 will be used in conjunction with our next proposition,

which deals with an arbitrary weakly reversible network {Z ,ﬁ ,Q}.

In its statement it will be understood that Ll,...,Lz are the linkage

classes of the network, that Y is the stoichiometric map for the network,
that Y(*) 1is as in (5.51) and that, for k € IPQ' s Ak is as in Proposition

4.1. Since the network is weakly reversible its linkage classes coincide
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with its terminal strong linkage classes so that, from Proposition 4.1,

ker Ak has a (non-negative) basis {xl,xz,. ..,x‘_e ICr & such that

supp xe = Le , 86 =1,2,...,2. (5.65)

Since the union of the linkage classes is ﬂ it follows from (5.65) that

is positive — that is, a member of IPG . Recall that if I is a set
(be 1tjor %) and if p is a member of p! , then Inp € R s

defined by

(1n p)i = ln(pi) , VYiel . (5.66)

Similarly, for z € IRI the vector e’ ¢ IE’I is defined by

zy %y .
(e7). =e s V1€I . (5.67)

1

Proposition 5.9. Let {,Z ,;,Q} be a weakly reversible network (of

arbitrary deficiency), let k be an element of IPR' , and let
{xl,xz,...,x’e}c FY be a basis for ker A, as in Proposition 4.1.

The following are equivalent:

A

(1) There exists c¢* € TP such that

Y(c*) £ ker Ak . (5.68)

£
(ii) 1n( I xe) is contained in im YT+ SPan (W ;3 o5 ... W K) . (5.69)
6=1 1’2 L
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Proof. Condition (ii) is obviously equivalent to:

(iii) There exist z € IR and numbers {_El’_EZ""’-EZ}C R such that

In( L x%) =¥z - 3 £ g - (5.70)

#

With z € IR and {51”“’52} as in (iii), we can take c* e TP

and {>\1,...,>\£}C P to be given by

ck = e (5'71)

and
A, = e s 6 =1,2,...,2 (5.72)

to see that (iii) is equivalent to:

4

(iv) There exist c* € TP and {Al,...,Az}CIP such that

£ £

YT In c* = 1In( Z xe) 4+ I (In Ae)w 6
f=1 g=1 L
£ ¢
= 1n( I Aex ) (5.73)

6=1
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From (5.56) we have

Y 1lnckx = Z  (y*ln c%) wy , (5.74)
yele
and from (5.52) it follows that
yelnc*x = ln(c*)y , VYyve ¢ . (5.75)

Combining (5.74) and (5.75) we obtain

Y  1n c* z [ln(c*)y]wy

vel

In( £ (e®)w )
yel v

In ¥ (c*) . (5.76)

Thus, we can combine (5.76) with (5.73) and take exponentials to assert

that (iv) is equivalent to:

(v) There exist c¢* € IP'& and {}\1,...,}\2}(: TP such that

Ag 2 .

1

Y(c*) =
6

(5.77)

[ o M p



5-22

Since {xl,...,xz} is a basis for ker A, (V) clearly implies (1).
That (i) implies (v) (with positive Ag in (5.77)) follows easily from
the special nature of the basis {xl,...,xz} and the fact that, for

ck £ TP , Y(c*) is a member of IPﬁ . /17

Remark 5.9. 1In Proposition 5.9 there are, of course, an infinite supply of
bases for ker Ak having the special properties given in Proposj.tion 4.1.
If, however, condition (ii) is satisfied for one choice of such a basis

it will be satisfied for any other choice of such a basis! It is easy to

confirm that if {xl,. ..,xz} and {;(1,. ..,;(2} are two such bases, then

£ ) £ -6
In(Z x) and In(Z x)
9= =1

will differ by an element of

span(le,sz, ‘e ,w[-z)

Remark 5.10. Condition (ii) of Proposition 5.9 requires that the vector

L
m(z O e r® (5.78)
6=1
lie in the linear subspace
im YT + span(w . ,W w ) C IRp (5.79)
Ll, Lz,ooo, Lz . .

Since {xl,xz,...,xz} is a basis for ker Ak’ the values that might be taken
by (5.78) will be influenced by the particular value of k € ]PR’ . On the
other hand the linear subspace (5.79) depends only on the network {é,ﬁ ALY,
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We are now coming to the end of the road:

Corollary 5.10. Let {;&,C ,R} be any weakly reversible network of
deficiency zero, and let k be any element of ];PK . With Ak as in

Proposition 4.1 and with Y(¢) as in (5.51) there exists c* € P

such that

A.k‘{’(c*) =0 .

That is, the differential equations for the mass action system {,},ﬁ,R—,k}

admit an equilibrium in IP‘ , and that equilibrium satisfies the hypothesis

of Proposition 5.3.

Proof. For deficiency zero networks Lemma 5.8 tells us that the linear
subspace (5.79) is in fact all of ]Rc’ . Thus, for any k € ]PR ,
condition (ii) of Proposition 5.9 is satisfied trivially. So, then, is the

equivalent condition (i). 111

With Corollary 5.10 we have achieved the final objective set in

Remark 5.8. This completes our proof of Theorem 5.1.
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of species 4. If, in a constant volume homogeneous reactor, c, is the
instantaneous molar concentration of species 4 (which, it will be recalled,
is proportional to the number of molecules of 4 per unit volume), then

MA c, gives the instantaneous mass (per unit volume) of 4 in the reactor.

4
Thus, if c e TP is the instdntaneous reactor composition then
Mec= I M c
sefg b8

gives the instantaneous total mass (per unit reactor volume) of all species
appearing in the network.

Now if #_ is a kinetics for the network and f(*) is the species
formation rate function for the reaction system {/!, § , R ,7<,} , we have,

for any ce TP s
Mec = Mef(c) =0 . (2.45)

The second equation in (2.45) holds because M lies in Sl- while f(*)
takes values in S . Interpreting M as we have, we can regard (2.45) as
ensuring that the total mass of the reactor contents is time-invariant.

One of the pleasant features of conservative networks is given by Horn
and Jackson. They show that a network is conservative if and only if all
its stoichiometric compatibility classes are compact. (What we call

stoichiometric compatibility classes are called reaction simplices in [HJ].)

Because our interest will not be limited to conservative networks, we shall

not in general have compactness of the stoichiometric compatibility classes.
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Corrigendum: Chemical mechanism structure and the coincidence of the
stoichiometric and kinetic subspaces, Arch. Rational Mech. Anal., 66,

83 (1977)

Definition 8 should read as follows: Two complexes y € € and y’ € @

are directly linked if y - y’ or if y’ - y; if y and y’ are directly

linked we write y «» y’. Two complexes y € € and y’ € @& are linked if

any of the following conditions are satisfied:

1.y =y
2.y <y
3. ® contains a subset {yi, V2, .., Yy} such that

Y > Y1 > Yo . oy oy

If v and y’ are linked we write y & y’. The equivalence relation &
induces a partition of @ into a family {%g} of equivalence classes

called the linkage classes of the mechanism. The number of linkage

classes of a mechanism will be denoted by the symbol ‘.





